A SHORT 


: 8 2 HITS = 


T Ra A T T SE 


ms ao. ao AAAS +4 


ON THE 


CONIC SECTIONS; 


IN WHICH, 


THE THREE CURVES ARE DERIVED FROM A 


GENERAL DESCRIPTION ON}A PLANE, 


- q > - 
a> at 
rn 6; 
tees. alt 


THE MOST USEFUL PROPERTIES OF EACH ARE 
DEDUCED FROM A COMMON PRINCIPLE. 


5 By THE Rav.” Ty NEWTON, M. A. 


— — er 


FELLOW or Irsus COLLEGE, CAMBRIDGE 


CAM B-K1D GE, 

PRINTED BY JOHN ARCHDEACON AND JOHN BURGES, 

| "PRINTERS TO THE UNIVERSITY; | 
AND SOLD BY J. & J. MERRILL, AND W. R. LUNN, CAM- 
| BRIDGE3 To CADELL, AND r. WINGRAVE IN THE 

STRAND, G. & T. WILKIE, PATER NOSTER ROW, 

&. j. WHITE, FLEET STREET, AND 
: J. DEIGHTON, HOLBORN, LONDON. 


MDCCXCIv, . 


* 
* 
LO 


8 
y 


1 


* 4 
n - 
* 7 1 
1 a ) g , 
Ws 
"1 
— 
: 4 * 
4 * 
0 
. 
- 
” 
* 


„ 
3 


. 
2 as nr 07 


CEE 


— 


p. R E F A U E. 


HE following Treatiſe was drawn up 
for the uſe of the author's pupils; and 


the only motive which induced him to pub- 


liſh it, was a deſire of promoting the ſtudy of 
Comic Sections in this Univerſity, by facilitat- 


ing the attainment of that uſeful branch of 
geometry, which has not been ſufficiently at- 
tended to. Some enter upon Newton's Princi- 


pia with little or no previous knowledge of 


conics, taking the common properties of the 
ſections for granted. Others, who have once 
laboured through ſome kind of demonſtration, 


think it ſufficient, if they remember the pro- 


. poſitions, although they have forgotten the 


_ proofs. Such inattention to a ſcience, which 


is of ſo much importance in the preſent ſyſtem 
of philoſophy, I can attribute _ to the want 
of a conciſe geometrical treatiſe. 


The authors who have written upon the 4 
a ject 


A 
* 


RET ACE: 


ject may be divided into two claſſes; thoſe who 
have begun with the ſections of the cone; and 
thoſe who have begun with a deſcription of 
the curves in plano. Although ſome of the 
demonſtrations of the latter, who have treated 
the ſubject geometrically, are ſhort and per- 
ſpicuous, yet there are others, upon which de- 
pend ſome of the principal properties, that 
are tedious and difficult. The demonſtrations 
of the firſt claſs of authors are free from this 
objection; being in general plain and conciſe; 
but. they have been obliged to introduce fo 
many previous propoſitions, concerning the 
properties of lines touching and cutting co- 
nical ſurfaces, in order to arrive at the princi- 
pal properties of the three ſections, that it re- 
quires more time, than can well be ſpared 
from that portion which is allotted to an aca- 
demical education, and more reſolution than 
moſt young men are poſſeſſed of, to go through 
them. Thoſe of the ſecond claſs, who have 
treated the ſubject algebraically, have, ſome of 
them, reduced the whole into a narrower com- 
paſs; but, in their eagerneſs to avoid the charge 
of prolixity, they have fallen into another more 
exceptionable fault. The method in which 
they have deduced ſome of the properties, par- 
ticularly the relations of the ordinates and ab- 
ſciſſeæ, is extremely operoſe and inelegant; each 
32 TS: | ſtep 


PREFACE. 


ſtep 3 in the proofs is ſo little connected with 


the preceding one, that it is {carcely” poſſible 
to retain them in the memory. 

1 ſhall not detain the reader with any com- 
baron between the two methods, in order to de- 


termine which is the beſt; much may be ſaid in 


favour of both; but the preference ſeems to 


have been given to the latter, at leaſt in this 


Univerſity, where mathematical and philoſo- 


phical ſtudies are more particularly attended 


to; yet, with regard to neatneſs and clearneſs 


66 demonſtration, the authors of the latter 
_ claſs cannot be compared with ſome of the 
former. To be convinced of this, let the rea- 
der take any one of the principal properties 


of the ellipſe or hyperbola, and compare the 


algebraical demonſtration of L' Hoſpital, or 
Trevigar, the geometrico-algebraical demon- 


ſtration of Emerſon, or even the geometrical 


one of Simſon with that of Hamilton, and 
he will not heſitate to determine in favour of 
the latter. But the ſections of the cone, on 
account of the many interſections of right 
lines and planes with ſurfaces, and with ſolids, 
are not eaſily to be comprehended by thoſe who 
are acquainted only with the elements of geo- 
bowl 


I had long been "fab; that all the - 


known Properties of the conic ſections 


a2 might 


FER EFA GB. 
might be deduced geometrically from a prin- 


cCiple which is common to all the ſecti- 
ons, viz. the given ratio between the diſ- 
tances of every point in the curve from the 


focus and the directrix, in the ſame manner as 
Hamilton has deduced ſome of them in the 


0 ſecond book of his treatiſe. I therefore aſſumed 


that kane. which he has demonſtrated, 


Prop. Book 2. for a definition of a conic 


ſefiion, Ph: had made a conſiderable progrels, 
before I was fortunate enough to meet with 


the Elementa Matheſeos of Boſcovich; a work 
which ſeems to have been little known, or not ſo 
much eſteemed as it deſerves, although the au- 


thor is juſtly celebrated for his later producti- 
ons. In his elements of conic ſections, which 


have all the advantages of thoſe authors who 
have begun with the cone, without any of the 


diſadvantages, I found the plan I had in 


view in a great meaſure executed. I have, 
therefore, adopted many of his demonſtra- 


tions, with little or no variation; the arran 
ment of the prgpoſitions, and ſeveral of the 


proofs have heen much altered; and of ſome 


I have been obliged to give new demonſtra- 


tions, having excluded the harmonical divi- 


ſion of right lines, upon which they depended. 


I have alſo taken from other authors, par- 


ticularly from the ſecond book of Hamilton, 


ſuch 


A EN An 


ſuch propoſitions as were conformable to the 
preſent plan. Upon the whole, I have endea- 


voured to compreſs the ſubject as much as 


poſſible, and yet not to omit any of the pro- 


| perties, which « every one ought to be acquaint- 


ed with, previous to his entering upon the 


Principia of Newton, and the branches of 
natural philoſophy; I have alſo taken care 
that the demonſtrations ſhould be ſtrictly 


geometrical, ſuch as the young ſtudent will 
find no difficulty in underſtanding, provided 


he be well acquainted with the Elements of 
Euchd, and plane Trigonometry, 


As this treatiſe was deſigned to be an : 


introduction to the Principia, I could not, 
with propriety, make uſe of the principles 


contained in the firſt ſection, in comparing 
the areas of the ſections which have a com- 
mon axis, or in the quadrature of the parabo- 
la; but if the reader be already acquainted with 
the doctrine of ultimate ratios, he may ſhorten 
the demonſtration of propoſition: 69. in the 
following manner. It being proved, that the 
parallelograms in the figure APN are to the 
parallelograms in the figure A W mn the 


given ratio of NP to N2,, which is the ſame 


with that of the conjugate axes, and the pa- 


rallelograms APN, AAN being ultimately 


. to the areas APN, AN, Lem. 2. 
| | New- 


e 
might be deduced geometrically from a prin- 


ons, viz. the given ratio between the diſ- 


tances of every point in the curve from the 
focus and the directrix, in the ſame manner as 
Hamilton has deduced ſome of them in the 


ſecond book of his treatiſe. I therefore aſſumed 


that property, which he has demonſtrated, 


Prop. 11. Book 2. for a definition of a conic 
ſection, and had made a conſiderable progreſs, 

before I was fortunate enough to meet with 
the Elementa Matheſeos of Boſcovich; a work 


which ſeems to have been little known, or not ſo 
much eſteemed as it deſerves, although the aus 
thor is juſtly celebrated for his later producti- 
ons. In his elements of conic ſections, which 
have all the advantages of thoſe authors who 
have begun with the cone, without any of the 
diſadvantages, I found the plan I had in 
view in a great meaſure executed. I have, 


therefore, adopted many of his demonſtra- 
tions, with little or no variation; the arrange- 
ment of the prgpoſitions, and ſeveral. of the 
proofs have been much altered; and of ſome 
I have been obliged to give new demonſtra- 


tions, having excluded the harmonical divi- 


ſion of right lines, upon which they depended, 
1 have alſo taken from other authors, par- 
ticularly from the ſecond book of Hamilton, 

ſuch 


ciple which is common to all the ſecti- 
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ip propoſitions as were conformable to the 
preſent plan,” Upon the whole, I have endea- 


voured to compreſs the ſubject as much as 
Poſſible, and yet not to omit any of the pro- 
Perties, which every one ou ght to be acquaint- 
ed with, previous to his entering upon the 


Principia of Newton, and the branches of 
natural philoſophy; I have alſo taken care 
that the demonſtrations ſhould be ſtrictly 

geometrical, ſuch as the young ſtudent will 
find no difficulty in underſtanding, provided 


he be well acquainted with the Elements of 
Euchd, and plane Trigonometry. 


As this treatiſe was deſigned to be an : 


introduction to the Principia, I could not, 


with propriety, make uſe of the principles 


contained in the firſt ſection, in comparing 
the areas of the ſections which have a com- 
mon axis, or in the quadrature of the parabo- 
la; but if the reader be already acquainted with 
the doctrine of ultimate ratios, he may ſhorten 
the demonſtration of propoſition” 69. in the 
following manner, It being proved, that the 


parallelograms in the figure APN are to the 
parallelograms in the figure A in the 
given ratio of NP to N, which is the fame 


with that of the conjugate axes, and the pa- 


rallelograms APN, AN being ultimately 
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Newtau's Principia, the areas are to each 
other in the ſame ratio. 1 


The quadrature of the ee may be . 


monſtrated from the ſame principles. Let AN, 
Pl. 10. Fig. 88. bethe abſciſſa of any diameter of a 
parabola, and PN? the ordinate; through the 


point A draw BC parallel to P; and through 


P, A draw PB, QC parallel to NA; then the area 
PAY will be to the parallelogram PB C as 
2 to 3; for let the abſciſſa AN be divided into 
any number of equal parts, of which ND is 
one; through D draw HT parallel to P, 
cutting the parabola in the points F, G; and 
through the point Fdraw KE parallel to NA; 


take KR equal to KP, and draw RL parallel 


to NA; then the parallelogram RB will be 
double the parallelogram KB; and if the num- 
ber of parts in AN, be increaſed without limit, 


the parallelogram DP will be equal to the 


parallelogram RB: for the right line HG 


will be ultimately equal to P, or 2PN; and, | 


Prop. 31. the rectangle under HF, HG, or 
the rectangle under PK and 2PN, is to PH 
as the ſquare of PN is to NA, or PB; and 
alternately, the rectangle under PK and 2PN, 
or the rectangle under 2PK and PN, is to 
the ſquare of PN as PH is to PB; therefore 
2 PK, or PR, is to PN as PH is to PB, and 


the 8 RB, PD are equiangular; 
| there- 
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3 they are equal, and the parallelogram 
PD is to the parallelogram KB as 2 to 1, 
and the ſum of all the parallelograms in APN 


to the ſum of all in APR, or the area APN 
to the area APB in the ſame ratio. 


There- 
fore the area APN is to the parallelogram 


ABPN as 2 to 3, and the area PAQ to the 


parallelogram PC in the ſame ratio. 
I have only to add that, had it not been for 


the encouragement, and the liberal aſſiſtance 


which I have received from the Univerſity, in 


defraying the expenſe of paper and printing, 
this little tract would not W e . 


PRES 


vil 


DEFINITIONS. 


1 Iz, any point $ be aſſumed without the line 


DX, and whilſt the line S revolves about 8 


as a Center, a point P moves in it in ſuch a man- 
ner, that its diſtance from the point & ſhall always 


be to PE, its diſtance from the line DX, in a given 
ratio, the Curve deſcribed by the point Pis called 
a Conic Section; a Parabola, an Ellipſe, or an Hy- 
perbola, according as S is equal to, leſs, or greater 
than PE. 


II. The indefinite right line DX is called div 


| Directrix. 
III. The point S is called the 8 


CONIC SECTIONS. 


Fro. Is 
2. 


IV. The ratio of SP to PE is called the Deter- 


mining Ratio. 
V. If a line SD be a through the Focus 
perpendicular to the Directrix, which is produced 


indefinitely, it is called the Axis of the Conic Sec- 


tion. 

VI. The point A, where the Curve meets the 
Axis, is called the Vertex. 

VII. A right line LS, drawn through the Focus 
parallel to the Directrix, and terminated by the 


Curve in the points L, 7, is called the Principal 


n or the e Latus Rectum. | 
: AE” Con. 


Fi G. 2. 
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Con. 1. $P being greater ha PE ; in the hy- 
perbola, two curves will be deſcribed, one on each 
ſide of the directrix; which are called oppoſite 
hyperbolas. 


Cor. 2. When the revolving line S p comes into 
the poſition SAD, SP, PE will be equal to SA, 


; therefore S4 1 is to AD in the determining | 
ratio. 


Cor. 3. When the line Sp comes into the poſi- 


| tion SL, or ST, the diſtance of P from the direc- 
trix will be equal to S D, and SL, or SF will be to 


SD in the determining ratio; and therefore the 


latus rectum LT is biſected in 8. 


Cok. 4. The latus rectum in the parabola is 
equal to twice the diſtance of the focus from the 
directrix, or to four times its diſtance from the 
vertex. For SL is equal to SD, and SA is equal 
to AD; therefore LT 1s equal to twice SD, or to 
four tunes S 4. 


PROPOSITION: 1.5 


F16, 3 If two right lines DL, D79 be drawn from 


5· 


the point D, where the axis meets the Di- 


rectrix, through L and 7, the extremities 
of the Latus Rectum, which are produced 
both ways in the Hyperbola; and through 


any point P in the Conic Section a line 


g be drawn parallel to the Directrix, 
meeting the two lines DL, DTgq in Q, 
and q; the Segment N, which is inter- 
cepted between either of the lines and the 


axis, will be equal to SP, the diſtance of 


| =P from the Focus. 


FOR 
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fore, meets the curve only in one point L. 


| 625 


Fo the triangles DN, DSL are ſimilar, and 
Nis to ND as SL is to SD, that is, Cor. 3. 


Def. in the determining ratio, or as SP to ND; 


| therefore Mis equal to SP. In the ſame man- 


ner it may be proved that qN is equal to Sp, 


in the determining ratio. | 
Cor. 1. If KAG be drawn through the vertex 


1 parallel to the directrix, SA will be equal to AK, 
or AG. | 


Cor: 2. The lines DLL, DT9 touch the 


being a right angled triangle, SP is always greater 


| than PN, except when P is at L, where they 


coincide; therefore QM is always greater than PN, 
except when Q coincides with LS; D, there- 


W which is equal to S P, each of them being to V 


| Conic Section in the points L and 7. For SNP 


In the 


ſame manner it may be ſhown that Dq touches 


che curve in 7. 


Cor. 3. The angle L DT,- contained between 


| che tangents DL, D, 1s a right angle in the 
&X parabola, an acute angle in the ellipſe, and an 


obtuſe angle in the hyperbola. For in the para- 


1 bola S L is equal to S D, and the angle DSL 1s a 


right angle; therefore the angle SDL is half a right 
angle, and the whole angle L a right angle. 
In the ellipſe S L is leſs than S D, and the angle 


SDL leſs than the angle S LD, therefore leſs than 


half a right angle, and the whole angle LD leſs 


than a right angle. In the hyperbola SL is great- 


er than SD, and the angle SDL greater than SLD, 


7 - therefore greater than, half a right angle, and the 


whole angle LDT greater than a right angle. 


PROP. 


1 4. 
2 


Fi G. 3. 
FIG. 4. 
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PROP. II. 


If from the point G, IO the right line 
KA, which is drawn through the Vertex 


parallel to the Directrix, meets either of the 
Tangents DTq,- DL, a line GSR be 


dran through the Focus, which is produced 
both ways in the Hyperbola, it will be parallel 


to the other Tangent DL in the Parabola; 
it will meet it ſomewhere in g, in the direc- 


tion G Sg, in the Ellipſe, and in the 9 


; ſite direction 1 in the de, 


'ET $G meet the 3 in X; and becauſe 


the triangles SAG, SDX are ſimilar, and S A, 


Cor. 1. Prop. I. is equal to AG, SD will be equal 


to DX; but, in the parabola, SL is equal to SD; 


it is, therefore, equal and parallel to D; and con- 
ſequently, XGS is equal and parallel to DL. In 
the ellipſe SL is leſs than S D, or DA; and there- 
fore the lines DL, XS muſt meet, when produced, 


in the direction X GS. In the hyperbola SE is 


greater than SD, or DX; and therefore the lines 
mult meet, when produced, in the direction SGX. 
Cor. 1. Becauſe the triangle SVR is ſimilar to 


the triangle 84 G, SN will be equal to NR. 


F16. 4 


FiG. 4. 


Cor. 2. 8 when 2 coincides with g, in the 
ellipſe or oppoſite hyperbola, 2N will be equal 
to g M, or $M; therefore SP will be equal to SN; 
and therefore SP will coincide with SN, and the 
curve will meet the axis in the point M. | 


Con. 3. Hence the whole ellipſe is contained | 


0 5 1 8 


, e 
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bessten the lines GK, gk, on one ſide of the di- 
rectrix. 

Cor. 4. In the parabola, NL being always greater 
has N R, except at the vertex, SP 1s greater than 
SN; therefore the curve will meet the axis only 
in one point A, and it will be extended without It- 
mit, on one ſide of the directrix. 

Cox. 5. In the Hyperbola, NL being greater 
than NR, except at 4 and M, SP is greater than SN, 

and the two curves will be extended without limit, 

on oppoſite ſides of the directrix. 

Con. 6. The lines KAG, M touch the Conic 

Section in the points A and . For P and p coin- 


Fi c. 3. 


Fre. 5. 


cide in theſe points; therefore the nn 4 lines KAG, 


kMy meet the curve only in one poi 
Con. 7. In the ellipſe, SP is ov greateſt diſ- 
tance from the focus, and SA the W os and thoſe 
_ diſtances which are nearer to SM are greater than 
thoſe which are more remote. For S is to N D 


Fic. 4 | 


in a given ratio; ND increaſes from A to M, it is 


the leaſt at 4, and the greateſt at M; therefore $P 
increaſes from A to Min the fame proportion. 


Cor; 8. In the parabola and hyperbola $4 is 


| ths leaſt diſtance from the focus, and SP increaſes 
without limit; and S Mis the leaſt diſtance in the 
| Rf apron hyperbola. . 


DEFINITIONS. 


| | VAL. The tangents DL, DTq q, which are drawn 
through the extremities of the Latus Rectum, are 
called Focal Tangents. | 


IX. The right line AM, in the Ellipſe and Hy- 


perbola, is called the Tranſverſe Axis, or the Axis 
Major. 


point 


X. If the Tranſverſe Axis be biſected in C, the 


FIG. 4, 
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point C is 8 the Center of the Ellipſe or Hy- 


perbola. 
XI. If a line BC, which is biſected in 0, be 


drawn perpendicular to the Tranſverſe Axis, and 
CB, Ch be each of them a mean proportional be- 


tween SA, SM, the ſegments of the axis intercepted 


between the focus and the vertices, BC is calle 


the Conjugale Axis, or the Axis Minor. 


: the Sections, as alſo the other ſegment NM in the 


Firs. 3, 


» 


5. 


XII. A right line PNp, drawn through any 
point N in the Axis parallel to the Tangent KAG, 
or perpendicular to the Axis, and terminated by the 
Curve in the points P and Þ, is e an Ordinace 


to the Axis. 


XIII. And the Segment of the axis AN, inter- 


cepted between the ordinate and the vertex, in all 


Elli ſe and Hyperbola, is called an Abſciſſa. 
IV. Any line paſſing through the center of an 


Ellipſe or Hyperbola, which 1s terminated both 


ways by the Curve in the former, and by the oppo- 
ſite Curves in the latter, is called a Diameter. | 


XV. A line drawn through any point in the pa- 


rabola parallel to the Axis 1s called a Diameter to 
the Parabola. 


XVI. Any point where a Wanger meets e 


Curve is called a Vertex to that Dutaotes. TE” 


PRO 15 III. 


The Axis biſects all its Ordinates, and divides 


the Comic Section into two equal and ſimi- 
lar parts. 


ET PN be any ordinate, meeting the axis 
in N. Join SP, 3h; and becauſe Sp is "oo 


— 


draw the line 2Nq parallel to the directrix; and 


- 1 


| 9 „ } 5 


to SP, Prop. 1. and SN is common to the two 


right angled triangles SNP, SNp, Np will be equal 


to NP. And becauſe all the ordinates are biſected, 


if the curve ATp be turned round upon the axis 
AN, and placed upon A LP, all the points þ will 
coincide with all the points P, and the curve ATp 


with the curve ALP. 


"PROP. IV. PROB. 
The Focus, Directrix, and the Determining 


Ratio being given, to deſcribe the Comic 


Section. — 
T ET DX be the directrix, and & the focus, 


IL Through the point S draw SD perpendicular 


to DX, which produce indefinitely. Draw LST 
parallel to DX; and take SL and ST to SD in the 


determining ratio. Then LS, Cor. 3. Def. is 


the latus rectum. Join DL, DT, which muſt 
alſo be produced indefinitely. Take DX, in the 


Fic. 3. 


directrix, equal to DS, and join XS, cutting the 


line D7 in E, which, Prop. 2. will be parallel to 


the oppoſite direction in the hyperbola. Through 
the points & and g draw KA, e Mk parallel to the 


directrix, meeting the two lines DLg, DTk, and 
the axis in the points K, G, A, and g, k, M; the 


points A and M will, therefore, be the vertices of 
the axis. Through any point N, in the axis, be- 


ſame fide of 4 with & in the parabola, and any 
where except between 4 and M in the hyperbola, 


from 


the line DL in the parabola; it will meet it in ſome - 
point ę, in the direction DL, in the ellipſe, and in 


tween A and M in the ellipſe, any where on the 


£2). : 


from the center $, with a radius equal to 9 N, de- 
ſcribe a circle, cutting the line Ag in the points P, p; 
and join S P, Sp, which are each of them equal to 
9N; and therefore the points P and p will be in the 


curve, by the firſt propoſition. 


Cos. 1. If the latus rectum, and the diſtance 
of the focus from the vertex be given, the Conic 
Section may be deſcribed. For let S be the focus; 
and through & draw the indefinite right line ASN, 


in which take S4 equal to the given diſtance 


from the vertex: Draw LS perpendicular to 
ASN; and take SL, ST each of them equal to half 


the latus rectum. Through A draw KAG pa- 


rallel to LT; and take AG equal to AS. Join TG, 
which produce to meet SA in D: Join DL and GS, 
which produced, will meet in the point g in the di- 


rection DL, in the oppoſite direction, or they will 
be parallel; in the firſt caſe the Section will be an 


ellpiſe, in the ſecond an hyperbola, and in the 
third a parabola, and the curve may be deſcribed 


{ as before. l 


Cox. 2. Hence if two right lines D, Do be 
inclined to each other at any given angle, which is 
biſected by the line DN, and another line Qg, 
which is perpendicular to DN, move parallel to. 


itſelf, and interſect the lines SP, Sp, revolving 


about any point & in the line DN, in ſuch a man- 
ner, that SP, Sp ſhall always be equal to QN or 
N, the points of interſection P, p will deſcribe a 


Conic Section, which, Cor. 3. Prop. 1. will be a | 


parabola, an ellipſe, or an hyperbola, according as 


the angle 2.Dq is equal to, leſs, or greater than a 


right angle. 


PROP. 


1 


P. | | . | | 0 
1 VVV 
the „ ; 5 EE | 
| The ſquare of the ſemi-ordinate to the axis, 
LNCe in the Parabola, is equal to the rectangle 
on under the latus re&um and the abſciſſa. 
oP ECAUsE the line 29 is biſected in V, the Fro. 3. 
5 rectangle 2 Rq, together with the ſquare of 
Y 1 RN, is equal to the ſquare of QM, which is equal 
= to the ſquare of SP, Prop. 1. or to the ſquares of 
Ry SN, PN, or of RN, PN, Cor. 1. Prop. 2. and if 
2 Irom each of theſe be taken the ſquare of RN, the 
45 , remaining rectangle 2Rq will be equal to the 
vilt ſquare of PN, But M is equal to SL, and Rꝗ is A 
equal to RN and Ny, or to SN, Ng; and the angle 
"wa NDgq being half a right angle, Cor 3. Prop. 1. Ng 5 
od is alſo half a right angle, and Nq is equal to 
VNV; therefore Rꝗ is equal to SN and ND, 
wt that is to SD and twice SN, or to twice SA and twice 
oo $N, Cor. 2. Def. which is equal to twice AN, 
2 therefore the rectangle M is equal to the rect- 
5 | angle under S L and twice AN, or to the rectangle 
a under AN and twice SL, or LT; and therefore 
8 the ſquare of PN is equal to the rectangle under 
4 AN, LT: 1 | 8 
ad Cor. 1. The latus rectum being conſtant, 
50 the abſciſſa will vary as the ſquare of the ordinate. 
15 Cor. 2. The parabola recedes from the axis 
4 without limit. For the abſciſſa increaſes without 


limit, and therefore the ſquare of the ſemi- ordi- 
nate, which varies as the abſciſſa, will alſo increaſe 
without limit. es, | ; 
Cor. 3. Any line, which is drawn parallel to the 
axis of the parabola, will cut the curve only in one 
PE B points 


; Fr 8. 6. 


1 


point. F or if it be ſuppoſed to cut the curve in 
more points than ann the ſemi- ordinates drawn 


through the points of interſection would be equal, 


when the abſciſſæ are unequal, which is 9 


L E M N A L 


if four ſtraight lines be proportionals, and any 5 


other four proportionals, the rectangle un- 


der the firſt and fifth will be to the rectan- 
gle under the ſecond and ſixth as the rect- 


angle under the third and ſeventh to the 


rectangle under the fourth and eighth. 


ET AB be to CD 28 EF to GH, and BT to 


D as FL to HM; and let AT be the rectan- 


= under AB, BI; CK the rectangle under CD, 


"DK; EL the reQangle under EF, FL; and GM © 


the rectangle under GH, HM; then AI will be to 
CK as EL to GM. For in DK, HM, produced 


if neceſſary, take DN, HO fuch, that AB ſhall be 


to CD as DN to BI, and EF to GH as HO to 


FI and complete the rectangles CN, GO. Then 


rhe rectangle CN is equal to the rectangle AI, and 
the rectangle GO equal to the rectangle EL. But, 


Ah being to CD as EF to GH, and as DN to Bl, 


DN is to BI as EF to GH, or as HO to FL. 
But BI is to DK as FL to HM; therefore DN is 
to DK as HO to HM; and the rectangle CN 


being to the rectangle CK as DN to DK, and the 


rectangle GC O to the rectangle GM as HO to HM, 


' CN is to CK as GO to GM therefore tlie rectangle 


A] is to the rectangle CK 3s the reQungle EL to 


the * G 


9 # 


1 5 


80 0 22 
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1 
Con. If AB be to CD as EF to GH, the ſquare 
upon AB will be to the ſquare upon CD as the 
ſquare upon EF to the ſquare upon GH; for, if any 
| the correſponding terms, as AB, BI, be equal to 
each other, the rectangle 4 becomes the ſquare 
upon AB. by N 


PROP, VI. 


The ſquare of the ſemi-ordinate to the axis, | 
in the ellipſe and hyperbola, is to the rect- 


angle under the abſciſſæ as the ſquare of 
the conjugate axis is to the ſquare of the 
NONE. oo RY Eg 
FINHROUGH the point G draw GV in the 
1 <llipſe, and /in the two hyperbolas 


parallel to the tranſverſe axis AM. Then, becauſe 


the lines KAG, 2 Ng, g Mkt are aral, 


FAG: R: g:: V: GH :: NM: AM, & 


 Rq: gk :: GR: G:: GY : :: AN: AM; 
therefore, Lem. 1. the rectangle M is to the rect- 
angle KG, gk as the rectangle AN M to the ſquare 
of AM. But it may be proved, in the ſame man- 
ner as in the laſt propoſition, that the rectangle 
Ma 1s equal to the ſquare of PN; and GK being 
equal to twice SA, and gk equal to twice SAA, 
Cor. 1. Prop. 2, the rectangle KG, gk is equal to 
four times the rectangle ASIF; or to four times the 
ſquare of BC, Def. 11. which is equal to the ſquare 
of Bb; therefore the ſquare of PN is to the ſquare 
of Bb as the rectangle ANM to the ſquare of AM; 
and alternately, the ſquare of PN is to the rectan- 
. 937 ANM as the ſquare of B& to the ſquare of 


1 Ly HP 


FEI. 4, 
51 


A 12 ) 


Con. 1. Becauſe AM, Bb are bilocted in C, the 
| ſquare of PN is to the rectangle ANM as the 
{quare of BC to the ſquare of 40. . 

Cok. 2. The axes being conſtant, the ſquare of 
the ſemi- ordinate varies. as the rectangle under the 
abſciſſæ. 

Cor. 3. The conjugate axis in the ellipſe i is ter- 
minated by the curve: for, when the ordinate 
paſſes through the center, the rectangle under the 
abſciſſæ is equal to the ſquare of half the tranſverſę 
axis; and therefore the ſquare of the ſemi-ordinate 
is equal to the ſquare of half the conjugate axis, 
and the ordinate is equal to the conjugare axis. 

Cor. 4. The two hyperbolas recede from the 

axis without limit: for the two abſciſſæ increaſe 
without limit; and therefore the ſquare of the ſemi- 
ordinate will increaſe without limit. 

Cor. 5. Thoſe ordinates which are at 2 dil. | 
tances from the center of the ellipſe and the two 
hyperbolas are equal; and thoſe which are nearer 
to the center are greater in the ellipſe, and leſs in 
the hyperbola, than thoſe which are: more remote: 

for the abſciſſæ which are. at equal diſtances from 
the center are equal; and the rectangle ANM be- 
ing equal to the difference of the Fs of CM, 
CN, it will increaſe in the ellipſe, and decreaſe in 
the hyperbola, as CN decreaſes, that is, the nearer 
PN is to the center. 
Con. 6, Any line, which is drawn parallel to the 
axis of the hyperbola, will cut each of the oppoſite 
curves only in one point; for, if it be ſuppoſed to 
cut either of the curves in more points than one, 
the ordinates which are drawn through the points 
of interſection would be equal, when the diſtances 
from the center are e which 1 is impoſſible. 


PROP, 


F 


PROP: vit. 


The bud FOES of the ellipſe and hyperbola 
is a third PO WS to. the tranſverſe and 


Con jugate aXes. 


OR the ſquare af A o to the fancy of B 0. Fic. 4. 


Cor. 1. Prop. 6. as the rectangle ASA, or 


the ſquare of BC, is to the ſquare of 8L; therefore 
AC 1s to BG as BG to IL, and 240 to 2BG as 
25 C to 28L, that is, "AM to Bb as Bb to LT. 
Cor. Hence the rectangle under the abſciſſæ is 
to the ſquare of the ſemi-ordinate'as the tranſverſe 
axis to the latus rectum: for AM is to LT as the 
ſquare of AM to the ſquare of Bb, that i is, as the 
$6299. ot _ 25 to the ing of PN. | | 


— 


P R 0 P. VIII. 


The Cas of half the conjugate axis, in the 
ellipſe and hyperbola, is equal to the differ- 
ence of the ſquares of half the tranſverſe 


axis and the diſtance of the Backs from ; if 


e 


ECAUSE AM i is biſected i in 10. tho 1 
ASM 1s equal to the difference of the ſquares of 


AC and SC; but the rectangle A8 M, Def. 1 1. is equal 
to the ſquare of BC; therefore the ſquare of BC is 
equal to the difference of the ſquares of AC and SC. 


Cox. 1. 
of the ellipſe to the vertex of the conjugate axis, it 


If a line SB be drawn from the focus 


will 
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oni Becauſe AM, Bb are biſected in C, the 
ſquare of PN is to the rectangle INM as the 
ſquare of BC to the ſquare of AC. 
Cos. 2. The axes being conſtant, the ſquare of 
the ſemi- ordinate varies. as the rectangle under the 


abſciſſæ. 

Cor. 3. The conjugate axis in the ellipſe i is ter- 
minated by the curve: for, when the ordinate 
paſſes through the center, the rectangle under the 
abſciſſæ is equal to the ſquare of half the tranſyerſę 
axis; and therefore the ſquare of the ſemi-ordinate 
is equal to the ſquare of half the conjugate axis, 
and the ordinate 18 equal to the conjugate axis. 

Cor. 4. The two hyperbolas recede from the 
axis without limit: for the two abſciſſæ increaſe 


without limit; and therefore the ſquare of the ſemi- 


ordinate will DEAT without limit. 
Cor. 5. Thoſe ordinates which are at 2 dil. 


tances from the center of the ellipſe. and the twa 
_ hyperbolas are equal; and thoſe which are nearer 


to the center are greater in the ellipſe, and leſs in 
the hyperbola, than thoſe which are more remote: 


for the abſciſſæ which are at equal diſtances from 
the center are equal ;, and the rectangle A NM be- 


ing equal to the difference of the ſquares of CM. 


CN, it will increaſe in the ellipſe, and decreaſe in 
the hyperbola, as CN decreaſes, that is, the nearer 
PN is to the center. | 

Con. 6. Any line, which is drawn parallel to the 

axis of the hyperbola, will cut each of the oppoſite 


curves only in one point; for, if it be ſuppoſed to 


cut either of the curves in more points than onę, 
the ordinates which are. drawn through the points 
of interſection would be equal, when the diſtances 
from 1 the center are unequal, which 1s | Impoſſible, 5 


PROP. | 


6 3 * 


PR OP. vn. 


The laid rectum of the ellipſe and Aren 
zs a third proportional to the tranſverſe and 
| conjugate AXES. eh | art] 


OR the Gquorn of A Gis to the el of BC, Fi. 4s 
F Cor. 1. Prop. 6. as the rectangle ASM, or % | 
the ſquare of BC, is to the ſquare of & L; therefore 
AC is to BC as BG to L, and 240 to 250 as 
280 to 2SL, that is, AM to Bb as Bb to LT. © 

Cor. Hence the rectangle under the abſciſſæ is 
to the ſquare of the ſemi-ordinate'as the tranſverſe 
axis to the latus rectum: for AM is to LT as the 
ſquare of AM to the ſquare of BB, that i is, EO the 
roQungh an i M to the who of PN. 


gears wine W 


The Pa of half the conjugate axis, in the 
ellipſe and hyperbola, is equal to the differ- 
ence of the ſquares of half the tranſverſe 
axis and the Aale of HI. 998 n 1 


| 5 center. 


\ECAUSE AM ; is bilccted i in 10. the < Fic. * 
ASM 1s equal to the difference of the ſquares of 8. 


A and SC; but the rectangle ASM, Def. 11. is equal 
to the ſquare of BC; therefore the ſquare of BC 1s 
equal to the difference of the ſquares of AC and SC. 
Cor. 1. If a line SB be drawn from the focus Pic. . 
of the ellipſe to the vertex of the conjugate axis, l i 
5 wi 


Fi. 8. 


ns.) 


1 be 3 to half the cranſverſe axis : for, the | 


ſquare of BC being equal to the difference of the 


| ſquares of AC, SC, the ſquare of AC will be equal 
to the ſum of the ſquares of BC, SC, or to the 


ſquare of SB; therefore SB is equal to AC. 
Con. 2. The diſtance between the vertices of 
the two axes, in the hyperbola, is equal to the diſ- 


tance of the focus from the center: for, the ſquare. 


ol BC being equal to the difference of the {quares 


of SC and AC, the ſquare of 50 will be equal to 


the ſum of the ſquares of AC, BC, or © the ſquare 


bp AB; therefore AB1 is 155 ta SC. 


PROP. N. 


| The conjugate axis biſects all Hes n pa- 


krallel to the tranſverſe axis, which are ter- 


minated by the ellipſe, and by the oppoſite 
hyperbolas. Thoſe. lines which are equally 
diſtant from the center are equal; and thoſe 


which are nearer to the center are greater 


in the ellipſe, and leſs in the hyperbola, 
than thoſe which are more remote. 


AKE CN any diftance from the center, be- 
tween C and A in the ellipſe, and in CA pro- 


5 - Gated i in the hyperbola. Take CR, on the other 
ſide aof the center, equal to CN; and through the 


points N, R draw the ordinates PNp, 2Rq; join 
. and let them meet the conjugate axis in 
z and r. Then, becauſe the ordinates Pp, Ag are 


equal, Cor. 5. Prop. 6. and they are biſected in M 


and R, the lines PQ, NR, pq are equal and paral- 


5 el; and becauſe Pu, pr are equal to NC, and Qn, 


gr 


LESS ot os dd 11-29-00 


„ 


gr equal to RC, or NC, Pg, pq are biſected in 
and r; and they are at equal diftances from the cen- 


ter, becauſe Cn, Cr are equal to PN, Np. Laſtly, 


as Cn decreaſes PN decreaſes, and therefore CN, 
Cor. 5. Prop. 6. increaſes in the ellipſe, and decreaſ- 
es in the hyperbola; but Pu is equal to CN, Pn 
therefore increaſes in the former, and decreaſes in 
the latter, as Cy, its diſtance from C, decreaſes. 


Cor. 1. The conjugate axis divides the ellipſe 


into two equal and ſimilar parts: the two oppoſite 
hyperbolas are equal and ſimilar: and the ellipſe and 
hyperbola have each of them another focus and di- 
rectrix, which have the ſame properties as the for- 
mer. Take CH, on the other fide of the center, 


equal to CS, and Cd equal to CD: through d draw 


æde perpendicular to cd, and let it meet the lines 


P, pe in e, x, and join HY, Then if the whole 


figure » 2 Mgr be turned round upon the axis BB, 
and placed upon 1 PApr, u, rq will coincide with 


1, rp, and all the points &, q in the curve 2Mq. 
with all the points P, p in PAp. The ftraight line 


«de will alſo coincide with XDE, the point H with 


$, and the lines Hg, & with the lines S5, PE; 


therefore His always to e in the ſame ratio that 
$P to PE „ 

Cox. 2. Suppoſe the line EP, Fig. g. which is 

always parallel to DAM, to move from the center to- 


wards B: then, when Cn becomes equal to CB, the 


points P, Q will coincide in the point B; and the line 
EP, which meets the curve only in one point, 


= will be a tangent to the ellipſe ; and therefore the 


ordinates to the conjugate axis are parallel to the 
tangent at its vertex, | 
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The ſquare of the ſemi-ordinate to the conſu- Ml 


te axis, in the Ellipſe, is to the rectangle Y 
under the abſciſſæ as the ſquare of the tranſ- 
verſe axis is to the ſquare of the conjugate 


R P19 being parallel to AM, it is perpendi- WW 
cular to BCb, and it is biſected in u, by the laſt i 
Prop. it is therefore an ordinate to B&S: and the di 
ſquare of PN, or Cn, is to the ſquare of BC as 
the reQtangle ANIM to the ſquare of AC, Prop. 6. 
therefore the difference of the ſquares of BC, Cu is 
to the ſquare of BC as the difference of the ſquare of 
AC and the rectangle ANMis to the ſquare of AC; 
but the difference of the ſquares of 3 C, Cn is equal 
to the rectangle Bub, and the difference of the ſquare 
of AC and the rectangle ANM is equal to the ſquare 
of CN or Pn; therefore the rectangle Bub is to the 
ſquare of CB as the ſquare of Pn to the ſquare of 
_ AG; and alternately, and by inverſion, we have the 
' ſquare of Px to the rectangle Bub as the ſquare of 
A to the ſquare of BC, or as the ſquare AM to 
JJ ra ts 


Eb. up ne 


The tranſverſe axis, in the Ellipſe and Hyper- 
bola, is to the diſtance between the direc- 
trices in the determining ratio. | 


2 7 "FOR 


— 1 1 ey 


Z I 

R $4 is to AD as SM to MD, and alter- 
T nately, SA is to SM as AD to MD; therefore 
by compoſition in the ellipſe, and by diviſion in the 


conju⸗ = hyperbola, 4M is to SA as Dd to AD, and alter- 
tangle WE natcly, AM is to Dd as SA to AD ; that is, Cor. 2. 
> tran; Def. in the determining ratio. 
Con. 1. Hence, Dd and AM being biſected in 
yugate gc, 40 is to CD in the determining ratio. 


Cor. 2. The diſtance between the foci is to the 


i- is to MD as SA to AD, or as AM to AD; and al- 
the laſt ternately, SM is to HM as MD to AD; and 
nd the diviſion in the ellipſe, and by compoſition in the hy- 
BC as perbola, SH is to HM as AM to AD; and alter- 
rop. 6. MW nately, SH to AM as HM to AD, or as SA to AD. 
» Cit is - Cos. 3. Hence the diſtance between the foci, 


uare of the tranſverſe axis, and the diſtance between the di- 
of AC; rectrices are continual proportionals. . 
equal Con. 4. Hence, if the tranſverſe axis and the 
ſquare WW foci of an ellipſe or hyperbola be given, the deter- 
quare mining ratio is give. 5 
to the | 


are of Ce ee, 

ve the PR OP. XII. 

Mito All the diameters of an Ellipſe or Hyperbola 
ERS are biſected in the center. 


Nie any point P in the curve draw PC to 
the center, and PN perpendicular to the axis. 
Take Cu, on the other fide of the center, equal ta 
W CN; and through the point » draw G parallel to 

| NP, but on the oppoſite fide of the axis, which 
produce till it meet the curve in &, and join CG. 


5 nates Gn, PN will be equal, Cor. 5. Prop. 6. and 


the 


= cranſverſe axis in the determining ratio. For SH 


Then, becauſe Cx is equal to CN, the ſemi- ordi- 
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the angles at N and n being each of them a right 
angle, the triangle CG will be equal to the trian- 
gle CV; therefore CG is equal to CP, and the 
angle «CG equal to the angle VCP; and therefore 
PCG is one frrakght line, which is biſected in C. 


DEFINITION XVI. 


Two conic ſections, or two ſegments of conic 
ſections are ſaid to be ſimilar, when a rectilinear 
figure may be inſcribed in one of them, ſimilar to 
any rectilinear figure which is inſcribed in the other. 


PT 
If the angles contained between the focal tan- 
gents be equal, or the determining ratio be 


the ſame in two conic ſections, the ſections 
will be ſimilar. 2 


3 there be two parabolas, two ellipſes, or two 


hyperbolas, in which the angles contained be- 


tween the focal tangents are equal; then SDL, 


which 1s half of the angle 2 DL, will be the ſame 
in both curves, and the ratio of SL to S. D, or the 
ban ame ratio will be the ſame. And if SP 
makes the ſame angle with the axis in both, the ra- 


tio of SP to SN will be the ſame; but the ratio of | 


— 


SP to ND is the ſame; therefore S is to SD, the 


ſum or difference of ND, SD, in the ſame ratio in 
the two ſections; and alternately, SP in one is to 
SP in the other as SD in the former to SD in the 


latter, that is in a given ratio. Therefore let the 


two ſections PAY, pag be placed in ſuch a man- 
FR +; u | | ner 


n hg 2 ot ot 
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40 


ner chat the foci may coincide in S, and 3 S1 
may be the axis of both: Let PBA C9 be any rec- 


tilinear figure inſcribed in one of them; join SP, 


$B, SA, &c. and let them meet the other ſection in 


the points p, b, a, c, 9; and join pb, ba, ac, &c. alſo 


join pg. Then the figure pbacg will be ſimilar to 


PBACY. For S is to Sp as SB to $5; and alter- 


* nately, SP is to SB as Sp to Sb, and the angle PSB 


is common to the two triangles PSB, p$6; therefore 
the triangles are fimilar. In the ſame manner it may 
be proved that all 'the other triangles are ſimilar, 
and conſequently the whole rectilinear figure pbacg 


ſimilar to the rectilinear figure PBAC 2, and there- 


fore the ſection pag is ſimilar to the ſection PAY. 
Cor. 1. The determining ratio in the parabola 


being a ratio of eqn: all parabolas are ſimilar. 


Cor. 2. Two ellipſes or hyperbolas are ſimilar 
when the axes haye the ſame ratio to each other in 
both. For SC being to CA in the determining ra- 
tio, which is the ſame in both, the ſquare of 4 10 is 


to the ſquare of SC, or to the difference of the 
ſquares of AC, SC, or to the ſquare of BC, Prop. 8. 


in the ſame ratio; and conſequently AC is to B C, or 


AM to Bb in ho ſame r ratio in both the ſectione 


PROP: XIV. 


If 3 any point in the Ellipſe or Hyperbola 
two right lines be drawn to the foci, the 
ſum of theſe lines in the Ellipſe, and their 


Fi6. 4, 


difference in the Hyperbola is * to the 


| nen axis. 


% 


C2. : - LET 


Pr. tv. 
Fi6. 7 


1 


ek P "Io any point in the ellipſe or hyperbola; 
and let & and H be the two foci. Join PS, 


825 PH; and through the point P draw the line EPe, 


FiG, 11, 


0p an * of which AM, Bb are the axes. | 
For 


Fig. 27. and PZe, Fig, 28. parallel to the axis; and 
let it meet the two directrices in E and e. Then 
PE, Pe will be perpendicular to the directrices, 
and SP will be to PE in the determining ratio, or 
as HP to Pe; and alternately, S is to HP as PE 
to Pe; therefore the ſum of SP, PH, Fig. 27. and 
their difference, Fig. 28. is to SP as Ee, or Dd, 
to PE; and alternately, the ſum or difference of 
SP, PH is to Dd as S to PE, or, by the eleventh 
propoſition, as AM to Ld; therefore the ſum of 
the lines SP, PH 1 in the ellipſe, and their difference 
in the e 1s iy. to AM, the tranſverſe 
axis. 8 


"PROP. XV. ROB. I. 


Two right lines being given, which biſe&t 
each other at right angles; to deſcribe an 
Ellipſe, or an Hyperbola, of w hich the 
given lines ſhall be the axes. 


| | org let the curve be an ellipſe, in which caſe 
the given right lines muſt be unequal. Let 
AM, Bb be the given lines, and let B& be leſs than 
AM. From the center B, with a radius equal to 
AC, deſcribe a circle, cutting the line AM in the 
points & and H. Take a ſtring equal in length to 
AM, and fix the extremities of it in the points 5 
and H; and, by means of a pin at P, let the ſtring 
be ſtretched, and let the pin be carried round till 
it return to the ſame point. The point P will de- 


. 
75 


FIC. III. 
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For ſuppoſe the ellipſe deſcribed, of which & is the 
focus, A the neareſt vertex, and the ratio of SH to 

AM the determining ratio, which may be done, by 
the fourth propoſition; then AM will be the trant- 
verſe axis, Cor, 2. Prop. 11. and Bb the conjugate 
axis of that ellipſe, Prop, 8. and the point P will be 
in the ellipſe in every part of its revolution. For if 


| not, let AP meet the curve in ſome other point G, 
F nearer. to H, or further from it; then the ſum of 
| the lines SG, GH would be equal to AM, or to 


SP, PH, which is impoſſible. 


Secondly, let AM, B be any two given right Fic. 12. 


lines, biſecting each other at right angles in C; and 
let the curve be an hyperbola. Join AB; and from 
the center C take CS and CH, in AM produced 


| both ways, equal to AB. At the point ¶ let the 
end of a ruler be fixed, ſo that it may move freely 
= round this point as a center; and let a firing be 
_= taken, the length of which the ruler exceeds by a 
| line equal to AM; let one end of the ſtring. be 
fixed at L, and the other in the point S; apply the 
ſtring, by means of a pin at P, to the fide of the 
ruler LH; and let the ruler be moved about the 


center H, whilſt the ſtring is conſtantly applied, 


and kept cloſe to the ruler by the pin at P. Then, 


the difference between the whole length of the 
ſtring SPL and the ruler HL being equal to AM, 
the difference between HP and PS will be equal to 
AM; and the point P will deſcribe one of the oppo- 
ſite hyperbolas, of which AM, Bb are the axes. For 
ſuppoſe the hyperbola deſcribed of which $ is the 


focus, 4 the vertex, and the ratio of SH to AM 
the determining ratio; then AM will be the tranſ- 
= vere axis, Cor. 2. Prop. 11. and Bb the conjugate 


axis of that hyperbola, Prop .8. and the point P will 


be in the hyperbola in every part of its revolution. 


| For 
K. | a 


(48 ) 


For if not, let the line SP meet the curve in ſome 
other point E, nearer to S, or further from it. In 
the firſt caſe the difference between HG, GS is 


equal to AM; therefore HG is equal to AM and 


FIG. 13. 


SG; and HG, GP is equal to AM and PS, which 
is equal to HP; therefore HP is equal to HG, GP, 


which is impoſſible. In the ſecond caſe HP is 


equal to AM and SP; and HP, PG equal to AM 
and SG, or to HG, which is alſo impoſſible. 
Therefore the point P mult be in the curve. 


PROP. XVI PR O B. III. 
Two right lines being given, one of which is 
biſected by the other at right angles; to de- 
ſcribe a Parabola, in which the right line 


biſected ſhall be an ordinate, and the other 


line the axis. 


LA 33 be the two given right lines, one 
of which B, which is perpendicular to AC, is 
biſected in C. Find a third proportional to AC, 


CB; and produce CA to D, fo that AD may be a 
fourth part of that third proportional; and take AS 


equal to AD. Through D draw DEX perpendi- 
cular to DAC; and let a ruler, the ſides of which 
HE, EL are perpendicular to each other, be placed 
in the plane CDX, ſo that the fide EL may be ap- 
plied to DX; and take a ſtring equal in length to 
the fide HE, one extremity of which muſt be fixed 
at H, and the other at &; and let part of the ſtring 
be applied, by means of a pin P, to the ſide of the 
ruler HE; and whilſt the fide EL moves along 
DX, let the ſtring be ſtretched by the pin, and 

| | con- 


If 
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conſtantly. applied to HE. Then, becauſe the 


whole length of the ſtring H S is equal to HE, 
the part S will be always equal to PE; therefore 
the point P will deſcribe a parabola, by the firſt 
definition, of which AC 1s the axis, $ the focus, 
and DX the diiectrix; and BCb will be an ordinate 
of that parabola, becauſe it is perpendicular to the 
axis, and CB is a mean proportional between 
the abſcifla AC and four times AS, or the latus 
rectum. | 


PROP. XVII. 


If any point be taken within a conic ſection, 


its diſtance from the focus will be to its 


diſtance from the directrix in a leſs ratio 

than the determining ratio; and if the 

point be taken without the ſection, its diſ- 

_ tance from the focus will be to its diſtance 
from the directrix in a greater ratio. 


Part 1. 13 the point L be taken any where Fic. 14. 
3 


| within the ſection which is on the 
ſame fide of the directrix with the focus, Fig. 14. 
or within the oppoſite ſection, Fig. 15. Join LS, 
and let it meet the curve in P. Draw LM, PE 
perpendicular to the directrix. Join SE, and let it 
meet the line LM in F. Then, becauſe the trian- 
gles SLF, SPE are ſimilar, SL is to LF as SP to 
PE; but SL is to LM in a leſs ratio than SL to 
LF; and therefore in a leſs ratio than the deter- 
mining ratio. 


Part 2. Let the point L be taken without the FIG. 14. 


conic ſection, but on the fame fide of tlie directrix 


with 


(lm). 


With 8, Join LS, which will cut the curve in P; 


and draw LM, PE perpendicular to the directrix. 
Join SM, cutting the line PE in G; and becauſe 
the triangles SLM, SP are fimilar, SL. is to LM 
as SP to PG, which 1s a greater ratio than that of 
SP to PE. Secondly, let the point L be on the 
other fide of the directrix, and let the ſection be an 
ellipſe or a parabola. Join L, cutting the direc- 
trix in NM, and the cvrve in P. Draw LM, PE 
perpendicular to the directrix; and join SE, which 
produce till it meet ML produced in O. Then 
SL is to LO as SP to PE; therefore LO is not leſs 


than SL; and SL is greater than LM; therefore 


Fic. 15. 


LO muſt be greater than LM; and SL is to LM 
in a greater ratio than SL to LO, or SP to PE. 
Laftly, let the point L be taken any where between 
the directrix and the oppoſite hyperhola. Draw 
LE perpendicular to the directrix, which produce 


till it meet the oppoſite hyperbola in P; and join 


SP. Through P draw PF parallel to the directrix, 
meeting SL produced in F; and draw FM parallel 
to PE. Join SE, and produce it till it meet FM 
in GE. Then it is evident that SF cannot be leſs 
than SP; and SL is to LE as SF to FG, that is, 
in a greater ratio than SF to FM, or than SP to 
Cor. Hence, if the diſtance of any point from 
the focus of a conic ſection be to its diſtance from 
the directrix in the determining ratio, that point is 
in the ſection; and if its diſtance from the focus be 
to its diſtance from the ditectrix in a greater, or in 
a leſs ratio, the point will be without, or within the 
conic ſection. e e 


PROF. 


c 88 


= equal to 28. Draw the latus rectum LST; and 
join LG, LH; and produce LH till it meet 9 S 
produced, if poſſible, in p. The points P, p, in 
which LG and LH meet the line , will be in tge 
== conic ſection. For draw PE, pe perpendicular to 
che directrix; and becauſe the triangles SPL, P 


( 25 ) 
© PROP. X. PR OE, N. 


The focus, the direftrix, and the determining 
ratio being given; to find the points in which 


_ a ſtraight line paſſing through the focus, 


which is given in poſition, meets the conic 
ſection, or oppoſite ſections. cc 


rallel to the directrix, it will coincide with the 
latus rectum, and the propoſition is manifeſt. If 
the line S Abe not parallel to the directrix, let it 


meet it in ſome point 9. Take M and 92G in 


the directrix, on oppoſite ſides of &, each of them 


2 


are ſimilar, as alſo the triangles PE, $9D, SPisto 


Las PAto 2G, or W, or as PE to FD; and al.. 
ternately, SP is to PE as SL to SD, that is, in the ' 
determining ratio; and therefore, Cor. Prop. 17. 
= the point Pis in the curve. And becauſe the triangles 
SL, Mare ſimilar, as alſo the triangles pe, S2, 
PS is to SL as 2p to , or Qs, or as pe to SD; 
and alternately, Sp is to pe as SL to SD; therefore 9 
ss alſo in the curve; and the line 92S meets the 
== curve in the points P and p. | 


Con. 1. Every line which paſſes through the 


focus of the parabola will meet the curve in two 


points, except that which is perpendicular to the 
directrix. For it is evident that it will meet the 
D curve 


FF the line which paſſes through the focus be pa- Fic. 16, 


17. 


626) 


Fro. 16) curve in ſome point P, between the latus rectum 


Pie. 


FIS. 


» 


and the directrix, in all the conic ſections; and 
when & coincides with D, $9, will be equal 
to SL; therefore SL is equal to. 2H, and the lines 
W, H L are parallel; but if & does not coincide | 
with D, $9 will be greater than SD; and therefore 
2H greater than SL, and the lines , HL will 
3 in ſome point p, which is in the curve, by the 
propoſition. 

Cor. 2. Every line which paſſes. through the 
focus of an ellipſe, will meet the curve in two 
points. 

Cox. 3. If a line paſſing through the focus of an 
hyperbola be inclined to the directrix at ſuch an 
angle, that the radius is to the ſine of it in 
the determinig ratio, it will meet the curve only 
in one point: if it be inclined at a leſs angle, it will 
meet the ſame hyperbola in two points; and if it 
be inclined at a greater angle, it will meet each of 
the oppoſite curves in one point. 

Firſt, let the radius be to the fine of the angle 


15 SW in the determining ratio; then S will be to 
SD as SL to SD; therefore $9, or H, will be 


equal to SL, and the lines $ 9, LH will be parallel. 


16. Secondly, let the line $9 be inclined to the direc- 


trix at a leſs angle; then $9 is to SD in a greater | 
ratio than SL to SD; therefore S A, or Ml, is greater 


17. than SL; and , HL will meet in ſome point ↄ in 


the direction V. Laſtly, let the angle S be 
greater; then $Y is to S in a leſs ratio than SL 
to $D; therefore $2, or N, is leſs than SL; and 
the lines 5D LH will meet in Ka oppoſite curve. 


DEFINITION 


FIG XIII. 
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DRFINITION xvnl. 


11 dom the center C, at the diſtance CA, half the Fic. 18, 


tranſverſe axis, a circle be deſcribed, cutting the 


directrix of the hyperbola in the points #, 4, and | 
lines be drawn from the center through the points 


of interſection, theſe lines are called the — 


P R OP. XIX. 


tunes be W from the focus to the points 


in which the aſymptotes cut the directrix, 
they will be perpendicular to the aſymp- 


totes: and the angle contained between the 


aſymptote and the directrix is ſuch, that the 


radius is to the ſine of it in the determining " 


| ratio. 47 
ET the afymptotes Ca, 0 G cat the ediredrix in 


equal to CA, therefore C is to CH as CH to CD, 
and the angle SCH is common to the two triangles 


SHC, CDH; therefore the triangles are ſimilar, and 


the points H, i; and join SH, SH. Then CS is 
to CA as CA to CD, Cor. 3. Prop. 11. but GH is 


Fro. 18, 


the angle SC is equal to the angle GDH, which 
is a right angle; In the ſame manner it may be 


proved that the angle SC is a fight angle. Se- 


condly, CA, or CH, is to CD in the determining | 


ratio; and, CH being made radius, CD 1s the fine 
of the angle CHD. 


(Cor. 1. Hence, if a ne be drawn through the 


focus * to an E penn it wall cut d curve 


only in one point. | | | 
D2 Con. 


Fis, 19. 
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Cox. 2. If a line PG be drawn from any point 


P in the hyperbola, or in the oppoſite curve, paral- 
lel to the aſymptote, meeting the directrix in G, 


PG will be equal to PS. From P draw PE per- 


pendicular to the directrix; and becauſe the angle 


PGE is equal to the angle CHD, PG is to PE in 


the determining ratio, or as SP to PE; therefore 
PG 1s equal to SP. 

Cor. 3. Hence, if the focus, the directrix, and 
the poſition of the aſymptote be given, the hyper- 
bola may be deſcribed, by means of a ruler and 
ſtring, in the ſame manner as the parabola is de- 
ſcribed, Prop. 16. provided the ſides of the ruler be 
inclined to each other in the fame angle as che 


* and directrix. 0 


Fro. 19. 


Tn in /; then the _—_ a watts is equal to the angle 


PROP. XX; 


The alymptotes never meet the curve: but 
any other line drawn parallel to an aſymp- 
tote will meet one of the hyperbolas. 


Pen. 5 it he poſſible, let the alqmptote meet the 
urve in the point R. Join RS, and draw RN 
perpendicular to the directrix. Then, by the pre- 
ceding propoſition, HR is to RN in the determin- 


ing ratio, or as RS to RN; therefore RS is equal 


to RH, and the angle RSH is equal to the angle 
RAS ; which is impoſſible, the angle RHS being a 
right angle. In the fame manner it may be prayed 


that it cannot meet the oppoſite cutve. 


Let any other line GP be drawn parallel to the 


aſymptote; and firſt let it be nearer to the focus. 


Join Se, and produce it till it meet the aſymptote 
SIH, 


( 29 } 


SIE, which is leſs than the angle SHR, a right an- 
gle; therefore, the angle SGP being leſs than a 
right angle, if the angle GS be made equal to 
SGP, SB, GP will meet, when produced, ſomewhere 
in P, which is a point in the curve. For draw PE 
perpendicular to the directrix; and the angle PGE 
being equal to the angle CHD, PG is to PE in 
the determining ratio; therefore S is to PE in 
the ſame ratio, and P, Cor. Prop. 17. is in the hy- 
perbola. Secondly, let gp be drawn parallel to the 
aſymptote, at a greater diſtance from the focus. 
Join Sg, cutting the aſymptote in 7; then the angle 
Sep is equal to the angle SiH, which is leſs than 
the angle SH;, a right angle: if therefore the angle 
gSp be made equal to Sgp, the lines Sp, gp will 
meet, when produced, in ſome point p, which is in 
the . oppoſite hyperbola; for the angle pge being 
equal to CHD, pg is to pe in the determining ratio; 
and therefore $p is to pe in the ſame ratio, and the 
point p, Cor. Prop. 17. is in the curve. | 
Cor. Hence it is evident, that if any line be 
drawn through the center of an hyperbola within 
the angle contained between the aſymptotes it will 
meet both the curves. - 5 


ER OP. XXE 
The diſtance between the focus and the point 
in which the aſymptote cuts the directrix, 
as allo the-tangent at the vertex, intercept- 
ed between the vertex and aſymptote, are 
each of them equal to half the conjugate 
FTF PIE 


FOR 


$1. es, : 


— — — 


Cy 
1 a. Ie 


Fic. 18. 


FI d. 18. 


Fc. 18. J 
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Fer the ſquare of SH is equal to the differener 
f the ſquares of SC, CH, or to the difference 
of the ſquares of SC, CA; which, Prop. 8. is equal 
to the ſquare of BC; therefore SH is equal to BG. 
Secondly, becauſe C H is equal to CA, and the an- 
gles SHC, CA a, are right angles, and the angle 
SCH is common to the two triangles SHC, CAa, 
the triangles are equal, and Aa is _ to S H, 
which was proved equal to BC. 


Cor. If Aa and AG be taken in the tangent 1 


GAa each of them equal to CB, and the lines 
Ca, CG be drawn from the center, the Pome of 
the aſymptotes will be determined. 


„„ 


XIX. If AM be the tranſverſe axis, and BI the 
conjugate axis of any two oppoſite hyperbolas, and 
two other hyperbolas be deſcribed, of which the 


tranſverſe axis is B, and the conjugate axis A.M, 
former. 


XX. When the two axes are 8 7 the hyper: 
bolas are ſaid to be a | 


PROP. XXII. 
The aſymptotes are diagonals of the rectangle 


which is made by drawing tangents through 


the vertices of the four hyperbolas. 


alſo ab, 1b. Then, becnuſe CM is equal to CA, wad 
7 the 


= 


theſe hyperbolas are laid to be conjugate to the 


ET the tangents GAa, IMi, which are drawn . 
through the vertices of the tranſverſe axis, meet 
the aſymptotes in G, a, and J, i. Join IB, GB, as 


( 3x ) 


BE | the angles at 4 and M are right angles, and the 
4 angles at C vertical, the triangle CMI will be equal 
Bo to the triangle CAa, and MI equal to Aa, which 
is equal to CB, by the preceding propoſition. In 
rt tha ſame manner it may be proved that Mi is equal 
1 to Cb, or to CB; therefore IB, BG are equal and 
parallel to AC, Cd, the angles IBC, GBC are each 
I „ of chem a right angle, and IBG is one ſtraight line, 


== which is equal and parallel to MA. For the ſame 
reaſon iba is one ſtraight line, which is equal and 
parallel to MA; and becauſe the lines IBG, 7ba are 
perpendicular to the axis B C, they are tangents 
to the conjugate hyperbolas, and [Gat is a rectan- 
gelle, of which the aſymptotes Ja, Gi are the diago- 
Cos. 1. The aſymptotes G Ci, [Ca are alſo 
& Waſymptotes to the conjugate hyperbolas. For BI 


and BG are: each of them equal to CA, which is 
the ſemi- conjugate axis to the hyperbolas LBR, 


Lor. | Ken * 8. 8 
Cox. 2. If the hyperbolas be equilateral, the 
aſymptotes will be perpendicular to each other: for 
C being equal to 4G, or to Aa, each of the an- 
= gles 4 CG, ACà will be half a right angle; and 
therefore the angle G Ca will be a right angle. 


PROP. XXIII. 


or oppoſite ſections in two points P, p, 
meets the directrix in H, and a right line 
HS be drawn through the focus, and SP, 
Sp be joined; the angle PS H will be equal 

to the angle p S 7 „„ 


fa right line Pp, which cuts a conic ſection Fre. 20, 


DRAW 
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22. 
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FI d. 20, 
22. 


6 
RAW p parallel to PS, and let it meet NH 
in 7; and draw PE, pe perpendicular to the 


directrix. Then the triangles HPE, pe will be 
ſimilar, as alſo the triangles HSP, H 7 p; and S is 
to PE as Sp to pe; and alternately, SP is to Sp as 
PE to pe, as H to Hp, or as S to Tp ; ; therefore 
Sp is equal to Tp, and the angle pd is equal to 
the angle pTS, which is equal to the angle PS H. 
Conti. When P and ꝙ coincide, or when H P 
becomes a | tangent) tothe comic ſection, SP will co- 


incide with $p, and each of the angles PSH, 287 


FI G. 23, 
ö 24. 
25. 


FIG. 20, 
21, 
22 


will be a right angle. 
Con. 2. Hence, if a line SP be dran 49900 the 


focus to any point P in a conie ſection, and ¶ be 


drawn perpendicular to SP, meeting the directrix 
in H, and II P be Joined, it will touch the conic 
bellen in the point P. AN 

Con. 3 Let the line H, 8 meets the di- 
rectric 3 in H, cut a conic ſection in any point P; 
join SP, draw HST through the focus, and make 
the angle 7 Sp equal to the angle HSP; then if 
Hp, Sp be ee, till they meet in p, the point 
? will be in the conic ſection, or in the oppoſite ſec- 
tion. For the angle 7 is equal to the angle 
HSP, or to the angle $Tp, and Zy is equal to Spz 
and Tp, or Sp, is to SP as pH to PH, or as pe to 
PE; and alternately, S5 is to pe as SP to PE; 
therefore p is a point in the conic . Cor. 


, 55 I 7. 
ok. 4. Any line drawn arid to an aſymptote 


F16. 20, 
22. 


— 


will meet the hyperbola, or the! eee hyperbola, 
only 3 in one point. 


It is evident that it will 209 meet one of the hy- 


perbolas, from Prop. 20. Therefore let H be 
drawn parallel to an aſymptote, meeting the hyper- 
128 in P; and if it be poſſible, let it meet the 
ſame 


ſame 
Beca 
angle 
| angle 
terio 


C205 
ſame curve in ſome other point p; and join S P, Sp. 
Becauſe HP is equal to SP, Cor. 2. Prop. 19. the 
angle SH is equal to the angle PSH, or to the 
angle S7; which is impoſſible, pS T being the ex- 
terior angle of the triangle pHS. 

Cok. 5. It is evident, from this propoſition, that 
| a ſtraight line cannot meet a conic ſection in more 
W points than two. : e 
PER OP. XXIV. 
lf two tangents be drawn at the extre- 

mities of any line paſſing through the fo- 
cus of a conic ſection, which is terminated 
both ways by the curve, or by the oppoſite 

curves, they will meet in the directrix; and 

they will contain a right angle in the para- 

bola, an acute angle in. the ellipſe, and an 
obtuſe angle, or an acute angle in the hy- 
perbola, according as the line which paſſes 
through the focus is terminated by the 
ſame, or by the oppoſite curves. 


WJ ET PS be any line paſſing through the fo- Fre. 23; 
= cus, which 1s terminated by the curve, or by 24» 
the oppoſite curves in P, p. From & draw SH per- = 
WE pendicular to PSp, meeting the directrix in E, and es 
Join HP, Hp, which will touch the curve in the 
points P, p, Cor. 2. Prop. 23. Draw PE, pe per- 

WE pendicular to the directrix; and SP, PE will be 

the fines of the angles SHP, PHE, HP being made 

gs radius, and Sp, pe the fines of the angles SHp, pHe, 

59 being radius. But S is equal to PE in the 


. 1 : 
4. 
>. 
pin» 
8 
8 
fs 
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Fre. 24. Parabola, and Sp is equal to pe; therefore che angle 


Fis. 23. 


FIG. 25. 


Fi C. 26. 


Ft G. 24. 


SHP is equal to the angle PHE, and the angle S Hp 
equal to the angle pHe; and the angle PHp is 
equal to the ſum of the angles PHE, 2 e; there - 
fore it is a right angle. If the ſection be an ellipſe, 
SP will be leſs than PE; therefore the angle H 
will be leſs than the angle PHE, and the angle S Hp 
leſs than the angle He, and the whole angle PHp 
leſs than the ſum of the angles PHE, pHe, and con- 
ſequently leſs than a right angle. If the line PS p 
be terminated by the ſame hyperbola, SP will be 
greater than PE, and Sp greater than pe; therefore 
the angle PHp will be greater than the ſum of the 
angles PHE, pHe, and conſequently greater than a 
right angle. But if the line Sp be terminated by 
the oppoſite curves, the angle Hp, in the right an- 
gled triangle HS, is leſs than a right angle; and 
therefore 2 * PH p is bk than a right angle, 


PROP. XXV. 


If a tangent be drawn to any point in the Pa- 
rabola, it will biſect the angle contained be- 
tween two right lines drawn from the point 

of contact, one to the focus, and the other 1 
n to the directrix. 


ET the line PH, which touches the parabols iſ 


in any point P, meet the directrix in H. Join 


SP, SH; and draw PE perpendicular to the direc- Wa 
trix. The angle SPE is biſected by the line PH. 
For the angle PHS is equal to the angle PHE, the 
angles PSH, PEH are right angles, and PH is 
common to the two — PSH, PER; there- 
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1 is equal to AH. 


463 
fon the triangles are equal ; and the angle SPH is 


equal to the angle EPH. 
Cor. 1 Hence, if the right fow PH biſects the 


angle SPE, it will be a tangent to the parabola in 


the point P. 
Cok. 2. I the tangent be produced till it meet 


the axis in 7, the ſe —_— of the -axis intercepted 
between the focus and the tangent will be equal to 
the diſtance of the focus from the point of contact. 


= 7PE, which is equal to the angle SPT ; therefore 
87 :s equal to SP. 


W 1 two tangents PH, 151 be Som: of 
= the extremities of any line which paſſes 
the focus of the Parabola, and a right line 
HT be drawn from the point of concourſe 
parallel to the axis, it will biſect the line 
Pp in 7: and I will be biſeted by the 


curve in the point A. 


3 | | the angle [HP is equal to the alternate 
1 le H PE, which is equal to the angle HI, 
by the ee propoſition; therefore I is equal 
to IH; and for the ſame reaſon Ip is equal to IH; 


and therefore FP. is equal to Ip. Secondly, SA 
being equal to AH, the angle ASH is Ns to 
As; but the angle SHI and SIH are together 
aqqual to a right angle, and therefore equal to ASH 

and AST; and if from theſe be taken the equal an- 


Pr. vis. 
Fis. 51. 


For the angle STP is equal to the alternate angle 


Fs. 24. 


edles SHI, ASH, the remaining angles AIs, AST - 


Al be equal, and A will be equal to 45, which 


Fc, 27s 
48 
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PR O P. XXVII. 


II a tangent be drawn to any point in an El- | 


lipſe or an Hyperbola, and two lines be 
drawn from the point of contact to the 
foci; the angles contained between each of 
theſe lines and the tangent are equal. 


Lin 5 line PT touch the ellipſe or byperbatf ö 
in any point P, and let it meet the directrices 


in J and r. Through P draw Ee, Fig. 27. and 


Pe, Fig. 28. parallel to the axis AM, meeting 


the directrices in E and e, which will be perpendicus | 
lar to the directrices. Draw PS, PH tothe foci, and 


join ST, Ht. Becauſe the triangles T: PE, Pe are 


ſimilar, PE is to PT as Pe to Pt, and 
SP is to PE as HP to Pe; therefore 


SP is to PT as HP to Pt, and the angles PST; 1 


PHt are right angles, Cor. 1. Prop. 23. there | 
the triangles SPT, HPt are fimilar, and the be | 
FPT is equal to the angle Hi. | 

Cor. 1. If a line TP be drawn through any} 
point P in the ellipſe or hyperbola, biſecting the 
angle SPH in the latter, and its ſupplement in the 


former, it will touch the curve in the point P. 


Con. 2. If a line PR be drawn from any point A 
perpendicular to the tangent, meeting the axis in 
Rz; it will biſect the angle contained between the 
lines which are drawn from the point of contact td 
the foci in the ellipſe, and the angle which is cons 
tained between one of theſe lines and the other pro- 
duced in the hypeybola. For the angle RPT being 
equal to the 4K RPt, Fig. 27. and equal tel 


RPJP, Fi ig. 28. it from eel of theſe be taken SY 


be 
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DEFINITIONS. 


XXI. The right line PR, which is drawn GEE 
* the point of contact perpendicular to the tangent, 


intercepted between the tangent and the axis of a 


conic ſection, is called a Normal. 


XXII. The ſegment of the axis NR, which is 


intercepted between the ordinate and the normal, 
is called a Subnormal. 

XXIII. If a right line be drawn through any 
point in the diameter of a conic ſection parallel to 


the tangent at its vertex, which is terminated both 
ways by the curve, it is called an Ordinate to that 


diameter. 

XXIV. The ſegment of any diameter of a conic 
ſection, which is intercepted between an ordinate 
and the vertex, is called an Abſciſſa. 

XXV. A diameter which is parallel to the tan- 


gent at the vertex of any diameter of the ellipſe or 


hyperbola, is called a Conjugate Diameter. 
XXVI. A line which is a third proportional 


to any diameter of the elliſpe or hyperbola and us 


conjugate, is called a Parameter to that diameter. 

XXVII. If a line be drawn through the focus 
of 2 parabola parallel to the ordinates of any diame- 
ter, which is terminated both ways by the . i 
is called a Parameter to that diameter. | 


PROP, XXIX. PROB. V. 


To draw a tangent to a conic ſection from 
any given point without, which is not the 


center of the hyperbola. 
IF 


1639 


1 F the given point ¶ be in the directrix; draw Fc. 31. 


HS to the focus which is neareſſ to the directrix; 
draw SP perpendicular to SH, meeting the curve 
in P, and join HP, which will touch the conic ſec- 
tion in P, Cor. 1. Prop. 23. 

If the given point be in any other ſituation, as 
at L; join LS, and draw LX perpendicular to the 
directrix. Take LD to LA in the determining 
ratio, and from the center L, at the diſtances LD, 
deſcribe a circle DM; and becauſe LS is to LX 

in a greater ratio than LD to LA, Prop. 17. LS is 


32. 


greater than LD, and the point & is without the 


circle. From & draw $9 a tangent to the circle, 


and let it meet the dire&rix-in H. Join LA, and 


draw SP parallel to it, or perpendicular to S H. 
Join HL and produce it till meet S in the point 
P, which is in the conic ſection, and the line HP 
touches the curve in P. For, becauſe the triangles 
HL, HSP are ſimilar, as alſo the triangles LHA, 
PHE, SP is to PH as QL to LH, and þ 
PHis to PE as LH to LA; therefore | 
SP is to PE as QL to LAX, chat is, in the determin- 
ing ratio; therefore P is a point in the curve; and 
| becauſe PS77 is a right angle, PH is a tangent, 
Cor. r. Prop. 23. | 
Cos. 1. Becauſe two lines S, Sq may be drawn 
from the point $S to touch the circle, two tangents 
LP, Lp may be drawn from the point L to the 
conic ſection. | 
Cor. 2. The lines LP, Lp will touch the hy- 
perbola which is on the fame fide of the directrix 
with the focus, or the oppoſite curve, according as 
S, Sg touch the circle on the oppoſite fide, or on 
the ſame fide of the directrix with the focus. 
Con. 3. If the line S meets the circle in the 
directrix, the line LHP becomes an aſymptote. 
Ee, For 


Fre. 32. 
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For in that caſe Land LH would coincide ; and 


IA would be to LX as radius to the fine of the 


angle LHX ; therefore LH would be inclined to 
the directrix at the ſame angle as the aſymptote is; 
and it would never meet the curve, hecauſe S is 
parallel to L, or LH; therefore LH eoincides 
with the aſymptote. * LE get, 


PROP. XXX. 


If two right lines P p, 2g, which meet each 
other in any point L, and are inclined to 
the directrix at any given angles LFX, 
LhX, cut a conic ſection, or oppoſite ſec- 
tions, in the points P, p and Q, 4; the 

rectangles under the ſegments LP, Lp and 


L. Lg will be in a conſtant ratio to each 


other, wherever the point L be taken. 


T ET S be the neareſt focus. Join HS, and 
L produce it if neceſſary; . alſo join S, Sp. 
Draw LX, PE perpendicular to the directrix; and 
from the point L draw LT, Lt parallel to SP, Sp, 
meeting the line HS in T and . Becauſe the angle 
AA, Prop. 23. is equal to the angle pST, Fig. 33 
and 35. and equal to S, Fig. 34. the angle LT! 
is equal to the angle L., and LT is equal to Li. 
From the center L, atthe diſtance LT, or Li, deſcribe 


a circle, cutting the line Hp, in M and m. Join 


SL, and produce it till it meet the circle in D and 
d; and becaule the triangles HE, HLX are ſimilar, 


as alſo the triangles HPS, HL, LT is to SP as LH 
to PH, or as LX to PE; and alternately, LT 7 55 | 


O 


LX a. 
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L 1s a 
ever b 
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LX as SP to PE, that is, in the determining ratio; 
therefore the radius of the circle is the ſame when 
L is at the ſame diſtance from the directrix, what- 
ever be the poſition of the line Pp. And becauſe 
LT is parallel to PS, and L parallel pS, | 
| LP is to TS as LH is to TH, and 
| pL is to St as LH 1s to ; therefore 
Lem. 1. the rectangle PLp is to the rectangle 787 
as the ſquare of LH is to the rectangle TH7; but 
the rectangle 787 is equal to the rectangle DS, 
and the rectangle TH? is equal to the rectangle 
Mum, or to the difference of the ſquares of LH 
and LM; therefore the rectangle PL is to the 
rectangle DSd as the ſquare of LH is to the differ- 
| ence of the ſquares of LH and LM; but LH is to 
L, or LM, as PH to PS, and the ſquare of LH 
is to the ſquare of LM as the ſquare PH is to the 
ſquare of PS; and by diviſion, the ſquare of LH is 
co the difference of the ſquares of LH and LM as 
the ſquare of PH to the difference of the ſquares of 
EF PH and PS; which ratio depends only upon the 
| determining ratio and the angle LHX, $P being 
to PH in a ratio which is compounded of the ratios 
of SP to PE, and PE to PH, or of the determining 
ratio, and the fine of the angle LH to radius. In 
the ſame manner it may be proved, that the rect- 
angle Le is to the rectangle DSd in a ratio 
which depends only on the determining ratio and 
the angle LVR; therefore the rectangle PLp is to 
the rectangle Q in a conſtant ratio, whatever be 
the diſtance of the point L from the directrix. 
Cor. 1. If either of the lines Pp, 2 q, or both of 
them become tangents to the conic ſection, or 
oppoſite ſections, the ſquares of the tangents muſt 
be ſubſtituted for the rectangles PLp, . For Fro. 31. 
let LP touch the conic ſection in P. Then, N 32. 
. | F | being 


1 


right line paſſes through the focus, the points of in- 


terſection may be found by Prop. 18. and if it 
be parallel to the directrix, by the fourth propoſi- 


being parallel to SP, by the preceding propoſi- cus, 
tion, LPis to Q as LH to A; and the ſquare of LS, | 
LP, Lem. 1. is to the ſquare of 9S as the ſquare of deter. 
LH is to the ſquare Q; but the ſquare of Q is diſtar 
equal to the rectangle D $4, and the ſquare of AH it is e 
is equal to the rectangle MHm; therefore the ſquare tion, 
of LP is to the rectangle D Sd as the ſquare of LH Point: 
is to the rectangle Mm, or to the difference of the ¶ cuts 
ſquares of LH, LM, which was proved to be a con- Join 4 
ſtant ratio; therefore the ſquare of LP is to the meet! 
ſquare of Lp, or to the rectangle 2Lq, Fig. 34. in WM the ſe 
a conſtant ratio. | to L. 
Cor. 2. If the determining ratio be that of a to PE a 
b, and the ſines of the angles contained between theret 
each of the lines Pp, 2 q and the directrix be Rand 2 15 a 
S, the radius being unity, the ratio of the rectangles 
PLp and Q will be that of f—a* R*tob*—4a* &=. 
For SP is to PE as à to b, and | 
PE is to PH as R to 1; therefore | 
S is to PH as aR to 4, and the ſquare of SP is to If tw 
the ſquare of PH as a*R* to h, and the ſquare of | in 
PH is to the difference of the ſquares of PH and thi 
SP as b to HA E: therefore vr FORD $a 
LPXLp: SDXSd :: : BAR“, and : 
Dx Sd: L9XLq:: -=: b*; therefore us 
PLX Lp: LSX L:: 4: -R. un 
Cor, 3. If the "Ae the directrix, and the de- wi 
termining ratio be given, and a right line be given | PB 
in poſition ; the points in which it meets the conic 
ſection, or oppoſite ſections, may be found. If the WF P 


i Fic. 33, tion. Therefore let the right line LH, which does 
f 34, not paſs through the focus, meet the directrix in H. 
| 35. Take any point L in that line; draw £S to the fo- 

| Ts cus, 
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cus, and LX perpendicular to the directrix. In 


LS, produced if neceſſary, take LD to LX in the 
determining ratio; and from the center L, at the 


| diſtance LD, deſcribe a circle; and join HS. Then 
tit is evident, from this and the preceding propoſi- | 


tion, that the line HS will cut the circle in two 


points 7, 7, or touch it, according as the line HL 


cuts the conic ſection, or touches it. Therefore 
| join LT, Lt; and draw SP, Sp parallel to LT, Lt, 
| meeting the line HL in P, p, which are points in 


the ſection, or ſections. For SP is to TL as PH is 


to LA, or as PE to LA; and alternately, SP is to 
PE as TL to LA, that is, in the determining ratio; 
therefore P is in the curve; and for the ſame reaſon 
p is a point in the curve. 


P R O P. XXXI. 


5 If two right lines QL, Pp, meeting each other 


in any point L, one of which is parallel to 


Fis. 36, 


the axis, and the other is inclined to the 


directrix at any given angle, cut a parabola 
in the points 2, P and p; the rectangle 
under the ſegment and the latus rectum 

will be to the rectangle under the ſegments 
LP, Lp in a conſtant ratio, wherever the 
point L be taken. 


4 * 1 perpendicular to the directrix; and 


from the center L, at the diſtance LX, de- 


| ſcribe a circle. Join &, XS, and let XS, produc- 

ed if neceſſary, meet the circle in 7, and join LT. 

| Draw SO perpendicular to LX; take OI equal to 
1 1 2 OR. 


©". 


OX, and join SI, which will be equal to SX. 
Then, LT being equal to LX, and W equal to 
M. LT 1s to LX as is to M; therefore LT is 
parallel to QS; and becauſe the angle W is equal 
to the angle SA, which is equal to the angle 
SIX, the triangles , SX are ſimilar, and IX is 
to XS, as XS to SS, or XA, or as ST to ; 
therefore the rectangle under IA, A is equal to 
the rectangle XS, or to the rectangle DSd; 
which, by the preceding propoſition, is to the rect. 
angle PLp in a conſtant ratio; but IX being equal 
to twice OX the diſtance of the focus from the di- 
rectrix, it is equal to the latus rectum ; therefore 
the rectangle under 2L and the latus rectum is to 
the rectangle PL p in a conſtant ratio. 

Cor. 1. Hence the rectangle under N nad. any 
other conſtant quantity 1s to the rectangle PL in 
a conſtant ratio. | 

Fic. 31. Cor. 2. If the line LP becomes a tangent to 
the parabola; the ſquare of LP will be to the re&- 
angle under the latus rectum and the ſegment of 
the diameter intercepted between the point L and 
the yertex in the lame conſtant ratio. 


1 M l 


. Fre. 37. If a ſtraight line AB be divided in two points 
C and D in ſuch a manner, that the rect- 
angle CAD ſhall be equal to the rectan- 
E gle DBC, or the rectangle ACB equal to 
ile rectangle BDA, the part AC wall by 1 
' equal to the part B D. | 
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is, let the rectangle CAD be equal to the 
2 rectangle DBC. Biſect CD in E; and the 
recaangle CAD, together with the ſquare of EC is 
| equal to the ſquare of AE, and the rectangle DBC, 
together with the ſquare of ED, is equal to the 


che ſquare of EC; therefore the ſquare of BE is 
= cqual to the ſquare of AE, and BE is equal to AE; 
and therefore the part BD is equal to the part AC. 
—_  Sccondly, let the rectangle ACB be equal to 
che rectangle B DA. Biſect the line AB in E; and 
= the rectangle 4 CB, together with the ſquare of 
Es, is equal to the ſquare of AZ; and the rectan- 
ge B D4, together with the ſquare ED, is equal to 
che ſquaie of BE; but the ſquare of BE is equal to 

che ſquare of AE; therefore the ſquare of ZD is 
cqual to the ſquare of EC, and E is equal to EC; 

and therefore BD is equal to 40. „A. 


PR O P. XXXII. 


All right lines drawn parallel to any diameter 

_ of the ellipſe or hyperbola, which are ter- 
minated both ways by the ellipſe or op- 
polite hyperbolas, are biſected by the con- 
jugate diameter, 2 15 


13 ACB be any diameter of the ellipſe or hy- 
bola. Through the vertices 4 and B draw 
the tangents AL, BM; and through the center C 
draw the diameter DCK parallel to AL, or BM, 
which will be the conjugate diameter. Through 
any point N, in the diameter DCK, draw LNM 
Parallel to 4B, meeting the ellipſe or the oppoſite 


hyper- 


ſquare of BE; but the ſquare of ED is equal to 


Fic. 38, 
39» 
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hyperbolas in the points P, 2, and the tan 
AL, BM in L and M. Then, AL being _ 
to CN and BM, and LNM parallel to ACB, 4L 
will be equal to BM, and LN equal NM; and, 
Cor. 1. Prop. 30. the ſquare of LA is to the rect 
angle PL Q as the ſquare of MB is to the rectangle 
MP; but the ſquare of LA is equal to the ſquare 
of MB; therefore the rectangle PL is equal to 
che rectangle MP; and therefore, Lem. 2. PL is 
equal to 2M; and if theſe be taken from the 
equal lines LN, MN, Fig. 38. and added to them, 


Fig. 39. PN will be equal to N. 


Cor. 1. If the diameter DK biſe& all lines 


drawn parallel to AB, it will be the conjugate dia- 


meter to AB. 
Cor. 2. If a right line RD be drawn through 


D the vertex of the Ei diameter parallel to 


AB, it will touch the ellipſe in the point D. For 


if not, let it meet the curve in ſome other point , 
and Rd will be equal to TD; but TD is equal to 
RD; therefore Rd is equal to RD, which is ab- 
furd. 

Cor. 3. Hence, if the e DK be conju- 
gate to any diameter AB, AB ml alſo be conju- 


gate to L. 


PT 
Every diameter of a conic ſection biſects all 
its ordinates. 


I RST, if the conic ſection be an *. it is 
evident from the preceding propoſition: for the 
ordinates of any diameter are Parallel to the 9 9 
gate diameter. 


Secondly, 
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Secondly, if the ſection be an hyperbola, of which Fre. 39. 


ACB is any diameter; in the tangent LA R take AR 


equal to AL. Through L and R draw the lines 


PL, FRG parallel to AB, meeting the oppoſite 


hyperbolas in P, & and F, G, and the tangent at 


the vertex B in M and 7. Join PF, cutting the 


diameter in /. Then PF will be an ordinate 


which is biſected in /: for PL is equal to MQ, by 
the preceding propoſition, and FR equal to TG; 
and the rectangle FRG is to the ſquare of RA as the 
rectangle Pl. Is to the ſquare of LA, Cor. 1. Prop. 30. 
but the ſquare of RA is equal to the ſquare of LA; 
therefore the rectangle FRG is equal to the rectan- 
gle PLN, that is, the rectangle RFT is equal to the 
rectangle LPM; therefore Lem. 2. RF is equal to 
PL, and PLRF is a parallelogram ; and therefore 
PF is parallel to the tangent LAR, and PV is equal 
to VF. | | | 
Laftly, let the ſection be a parabola, of which 
AN is any diameter, and PM an ordinate. 


Through the vertex 4 draw the tangent LAM; 


and draw PL, 2M parallel to NA. Then PLM9 
is a parallelogram, and QM 1s equa] to PL; but 
the rectangle under LP and the latus rectum is to 
the ſquare of LA as the rectangle under MQ and 


the latus rectum is to the ſquare of MA, Cor. 2. 
Prop. 31. and the two rectangles being equal, the 


{ſquare of MA is equal to the ſquare of LA, and 
MA is equal to to LA; and therefore QW. is equal 
to PV. | | 
_ Cor. I. If a right line PQ, which is terminated 
by a conic ſection in the points P, Q, and which 
does not paſs through the center of the ellipſe, be 
biſected by any diameter, it is parallel to the tan- 
gent at the vertex of that diameter; for if it be not 
parallel to this tangent, let it be parallel to the tan- 
e gent 
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gent at the vertex of ſome other diameter; then 
P would allo be biſected by this diameter, which 
is abſurd. 

Cor. 2. Two right lines terminated by a conic 
ſection, which do not paſs through the center of 
the ellipſe, cannot biſect each other: for if it be 
poſſible, let the two lines DB, RK biſect each other 


in C, and let CA be the diameter which paſſes 


through C; then both the lines will be parallel to 


the tangent at the vertex 4; and therefore they are 


parallel to each other, which is abſurd. | 

Cor. 3. A right line biſe&trmg two parallel right 
lines, which are terminated by a comic ſection, is a 
diameter: for a diameter which biſects one of them 
will biſect the other. 

Co. 4. Hence, if a ſegment of a conic ſation 
be given, the diameters and center of the ſection 
may be found: for let two parallel right lines be 


drawn which are terminated by the ſegment, and 


the right line which biſects them will be a diame- 


ter; in the ſame manner any other diameter may 
be found; and if it be parallel to the former, the 


ſection will be a parabola; but if the diameters cut 


each other, the point of interſection will be the cen- 


ter of the ellipſe or hyperbola. 

Cor. 5. If a right line CN, which biſects he two 
parallels' DB, be produced till it meet the 
curve in A, and through the point A the right line 
{4G be drawn parallel to PQ, it will touch the 
conic ſection in A. | 


Cor. 6. Hence we have a method of rand 7 


tangent to a conic ſection, which ſhall be parallel to 
any line which cuts the ſection in two points. 
Let P be any line cutting the ſection in two 
points P, Q; draw any other line DB parallel to 
e bile PQ, DB in N and C; join CN, and 


Pro- 


6 


produce it till it meet the conic ſection in A, and 
through the point 4 draw IA parallel to PQ, 
which will be the tangent required. | 


PROP. XXXIV. 


If two tangents be drawn at the extremities 
of any right line which is terminated by a 
conic ſection, and which does not paſs 
through the center of the ellipſe, they will 
meet each other in the diameter which bi- 

_ ſects that right line. 


ET P9 be the right line which is terminated 
| by a conic ſection in P and A. Biſect P in 


N, and through N draw the diameter CNT. 


Through the point P draw the tangent PT meeting 
the diameter in 2, and join T9, which will touch 
the ſection in . For draw any other line DC 
parallel to PM, meeting the lines TP, T9 in L 
and M. Becauſe the triangles TNP, TCL are ſi- 


mular, as alſo the triangles 7 NA, TCM, TN is to 
NP as TC is to CL; and alternately, TN is to TC 


as NP is to CL; but TN is to TC as N& is to 
CM; therefore NP is to CL as Nis to CM; and 
alternately, NP is to N9 as CL is to CM; there- 


fore CM is equal to CL, which is greater than CD, 
or CB; and therefore the point Mis without the co- 


nic ſection, and the line 7 meets the curve only 
in one point 9. | 

Cor. 1. The tangent TAG at the vertex of the 
diameter CA, which is terminated by the two tan- 
gents TP, TY, is biſected in A. 


Cox. 2. If two right lines which touch a conic | 
Ta... ſection 
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O meeting the curve in p and the a 
Biſect P in N, and draw the diameter C Nu, and 
PQ, pq will be ordinates of that diameter. Then, 


( 50 ) 
ſection mect each other; a right line drawn from 
their point of concourſe biſecting the line which 
joins the points of contact will be a diameter of the | 


| tion, 


PROP. XXXV. 


If a right line cutting the © PETER or the 
oppoſite hyperbolas, meets the aſymptotes 
in two points; the ſegments between then 
hyperbola or hyperbolas and Tm 
will be equal. | | 


E the line P cut the pits, or the ope 
poſite hyperbolas in the points P, Q, and meet 


the alymptotes in R, 7; the ſegments PR, QT will 


be equal. If PR be not equal to Q, let one of 
them, as QT, be the greater; and cut off the part 
O equal to PR; join CO, which being produced 
will meet the hyperbola in ſome point q, Cor, 


Prop. 20. Through the point q draw apr parallel to 
ymptote in 2, 


N being equal to NP, and O equal to PR, 
NO will be equal to NR; and ON is to gu as CN 
to Cu, as NR is to ur; therefore 19 is equal to ur; 


but 19 is equal to up; therefore »p 1s equal to ur, 


which is abſurd; and therefore 9T 15 not greater 
than PR. | 
Cor. 1. If the line TNR be ſuppoſed to move 
from N to A, the points P, © will coincide in 4, 
and Id will be equal to AG; therefore when a line 
touches an hyperbola, the ſegments between the 
point of contact and the aſymptotes are * 


Co. 


FIG, XXIII. 
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| „ 

Cox. 2. If a right line JAG, meeting the aſymp- 
totes in 7, & and the hyperbola in 4, be biſected in 
the point A, it will touch the hyperbola; if not, let 
it meet the curve in ſome other point a; and IA will 
be equal to Ga, and GA equal to Ga, which is ab- 
ſurd. 1 N 22 54 
Cor. 3. Becauſe RP is equal to QT, R is 
equal to TP; therefore the four rectangles PRY ; 
RPT, , T are all equal. 


PROP. XXXVI. 
If two right lines be drawn from any point in 
an hyperbola to the aſymptotes, and from 
any other point, in the ſame or oppoſite 


hyperbola, two other right lines be drawn 


to the aſymptotes parallel to the two for- 
mer; the rectangle under the firſt two lines 


will be equal to the rectangle under the 


other two. 


1 any point P in the hyperbola P draw 
the lines PL, PH to the aſymptotes; and from 
any other point Q, in the ſame or in the oppoſite 


* 


Fic. 43. 


curve, draw QE, M parallel to PL, PH. The 


rectangle under QQ, M will be equal to the rect- 
angle under PL, PH. Join P, and let it meet 
the alymptotes in R and T: and becauſe the trian- 


gles 7 F, TPH are ſimilar, as alſo the triangles 
RPL, RE, Mis to PH as TY isto TP, or as RP 
15 5 8 that is, 15 to z; therefore the rect - 
angle under MV, QE is equal to the rectangle under 
PE PL. S LORA : 

Cor, 1. Hence, if from two points P, Q, in the 
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1 

ſame or in the oppoſite hyperbolas, two right lines 
PL, & be drawn to the fame or to different 
aſymptotes parallel to the other aſymptote; the 
rectangle CLP will be equal to the rectangle CE; 
for if the parallelograms CL PH, CE & be com- 
pleted, the rectangles HPL, FAE, that is, the 
rectangles CLP, CEA will be equal. 

Cox. 2. Becauſe the rectangles are equal, CL 1s 
to CE as Eis to LP, but the parallelograms Cas 
CP are equiangular, therefore they are equal. 

Cor. 3. Hence, if CP, C be joined, the trian- 

gles C 25 0 . A and CEL: will be 8 25 5 


P R O P. XXXVII. 


All ac lines drawn parallel to an aſymp- 
tote, which are terminated by: two conju- 
gate hyperbolas, are biſected by the other 
aſymptote. | 


FO any point P in the Ee 4 draw 
PD parallel to the afymptote HC, and let it 
meet the conjugate hyperbola BD in D. PD 1s 
biſected by the other aſymptote CY in JI. Join 
CP, CD. Let ACM, BC be the two axes; and 
Join AB cutting the aſymptote in 7. Through 4 
draw the tangent [4a meeting the aſymptotes in I 
and a. Then Aa being equal and parallel to BC, 
Prop. 21. 4B is equal and parallel to 40, and IA 
is to Ia as AT is to aC, or AB, but IA is half of 


la, therefore AT is half of AB; and, Cor. 1. pre- 


ceding propoſition, the rectangle CIP is equal to the 
rectangle CTA, or to the rectangle CTB, which is 
equal to the rectangle CID; therefore /P is equal 


to D. 
PROP. 


{BF 


PRO P. XXXVII. 
The tangent at the vertex of any diameter of 
an hyperbola, which is terminated by the 
aſymptotes, is equal to the conjugate dia- 
meter. „ N 
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r ET PCG be any diameter of the hyperbola ; Pr. viii. 
L from P draw PD parallel to the e FO. 64. 
HC, meeting the conjugate hyperbola in D; and 
join CD. Through P draw the tangent PH 
meeting the aſymptotes in / and H. V is equal 
to PH, Cor. 1. Prop. 35. and FP is to PH as P. 
is to HC; therefore P/ is half of HC, but it is alfo 
half of PD, by the preceding propoſition, therefore 
PD is equal to HC, and DC is equal and parallel 
to PH, and twice DC, or DK, is equal to YH. 
_ Cor. 1. If DK be a conjugate diameter to PG, 
PG is alſo conjugate to DK. Join VD, and pro- 
duce it till it meet the aſymptote in 4. Then DG 
being equal and parallel to PH, or VP, FD is 
equal and parallel to PG, which 1s equal to DA, it 
being the oppoſite fide of the parallelogram PDkhG; 
therefore DA touches the conjugate hyperbola in 
D, Cor. 2. Prop. 35. and PCG is a conjugate dia- 
meter to he! m ; 
Cor. 2. Hence, if two tangents PV, D be 
drawn through the vertices of any two conjugate 
diameters, they will meet in the aſymptote; and 
the aſy mptotes are diagonals of the parallelogram 
which is formed by the four tangents, 8 
Cor. 3. If the hyperbolas be equilateral, the 
conjugate diameters will be equal: for the angle 
HC will be a right angle, Cor. 2. Prop. 22. it will 
| NS. 0 | there- 
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8 be in a ſemicircle, of PTS JV. 1 is the di- 
ameter and P the center; therefore C is equal to 
PH, which 1 18 12 to CD, 


PROP. XXXIX. 


If cdu any point in an apmptote, a right 
line be drawn cutting an hyperbola or op- 
poſite hyperbolas; the rectangle under the 
ſegments, between the aſymptote and the 


po hyperbola or hyperbolas, will be equal to 


the {quare of the ſemidiameter which is pe 
rallel to that right Une. 


Tannen any point R in 2466 aß - inprofa | 
draw the right line RT, cutting the hyperbola 
or oppoſite hyperbolas i in the points P, Q, and the 
other aſymptote in 7. The rectangle PR will 
be equal to the ſquare of the ſemidiameter which 
is parallel to RT. Let CD be the ſemidiameter 
parallel to the line which cuts the hyperbola PA, 


and AC the ſemidiameter parallel to the line which 


cuts the oppoſite hyperbolas. Take any point 7 in 
the aſymptote, and through r draw ert parallel to 
RT, cutting the curve or the oppoſite curves in p, q, 
and the other aſymptote in 7. From the points P, 
5 draw PH, PL and pF, PE parallel to the aſymp- 
totes; and becauſe the triangles PLR, pEr are ſi- 
milar, as alſo the triangles PT H, piF, 

PR is to PL as pr is to pE, and | 

PT is to PH as pt is to PF; therefore, 
Lem. 1. the rectangle RPT is to the rectangle 
LPH as the reQtangle rp! is to the rectangle EpF; 


but the * LPH 1 1s aged to the rectangle 
Ep, 


„„ 
14 Ep F, Prop. 36. therefore the rectangle RPT is 


equa] to the rectangle pt, or the rectangle FRN. 
equal to the reckangle prg, Cor. 3. Prop. 35. and if 
IAG be the tangent which is parallel to RT, when 
the at A the rectangle PR A becomes equal 


It DC; and when P in the oppoſite hyperbola is at M, 
J- | the rectangle RP2, becomes equal to the ſquare 
10 | of AG. | 


Ten being all equal, are each of them equal to 
the ſquare of the ſemidiameter which is parallel to 
rhe lit RT „„ . 
| Cor. 2. As the point P recedes from the 
vertex 4 the line RP perpetually dereaſes, 


WE city: for the rectangle PR is equal to a given 


la WW {quare, and P increaſes without limit; therefore 
0 = RP muſt decreaſe without limit. | | 
ch ; 


PROP. XL. 


ter 

© A CE | : * ; E. 

VP If two right lines meeting each other cut or 

in touch a comic ſection, or oppoſite ſections ; 
to the rectangles under the ſegments between 


the point of concourſe and the points of 
interſection, or the ſquares of the tangents 


the ſemidiameters to which the lines are 
parallel. . | Pn. : 


I 1 the lines be parallel to any of the diameters of 
| 4 the ellipſe, or to any of the diameters of the op- 
polite hyperbolas; the propoſition is evident from 
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to the ſquare of IA, which is equal to the ſquare of 
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Cor. 1. The four rectangles PR N, RPT, MP, 
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and will become leſs than any aſſignable quan- 


will be to each other as the ſquares of 
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1 
Prop. 30. becauſe the lines which meet 3 other 
make the ſame angles with the directrix as thoſe 
which paſs through the center, and the latter are 
biſected in the center. But if either of the lines 
PL, LRT, or both the lines PL, NLM 
be parallel to ſome of the conjugate diameters 
of the hyperbola; produce Q till it meet the 
aſymptote in G, and through G draw FOH pa- 


rallel to LRT, meeting the oppoſite curves in F 


and H. Let CB, CD and CA be the ſemidiame- 
ters which are parallel to P, MN and RT. Then, 


Prop. 30. the rectangle PLY9 is to the rectangle 


EXIT as the rectangle PG is to the rectangle 


the ſame ratio. 


F GH, or as the ſquare of CB to the ſquare of CA, 


by the preceding propoſition. In the ſame man- 
ner it may be proved, that the rectangle RL is to 


the rectangle NLM as the ſquare of CA to the 


ſquare of CD; therefore the rectangle PLY 1s to 
the rectangle NLM as the ages of CB is to the 
ſquare of CD. 

If the lines touch the conic ſection or pot ite 
ſections, the ſquares of the tangents will be to each 
other as the rectangles under the ſegments of any 
two lines drawn parallel to them, which meet each 
other, and cut the ſection or oppoſite ſections; and 
therefore they are as the ſquares of the ſemidiame- 
ters to which they are parallel. 

Con. If two right lines 19, IN, meeting 928 
6. other in J, touch an ellipſe. or hyperbola i in A, N, 
and are parallel to two other lines FT, VN which 


meet each other in V, and touch the hats or op- 


poſite hyperbola or hyperbolas i in 7, N will be 
to IN as V is to VN: for the ſquares * IA, IN 
are to each other as the ſemidiameters to which 
they are parallel, and the * of 4 7, FN are in 


PR OP. 
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Pp R O P. XII. 


If an ordinate be drawn to any diameter of 
an Ellipſe or an Hyperbola; the rectangle 


under the abſciſſæ will be to the ſquare of 
the ſemi-ordinate as the ſquare. of the dia- 
meter is to the ſquare of its conjugate. 


” 


ET ACM be any diameter of an ellipſe or hy- 
perbola, to which PN9 1s. an ordinate; and 
let DCXK be the conjugate diameter, which is pa- 
rallel to PWS. Then, by the preceding propofi- 
tion, the droge x: AN M 3s to the rectangle PV, 
or the ſquare of PN, as the ſquare of CA to the 
{ſquare of CD, or as the ſquare of AM to the ſquare 
8 | Y 
Cor. 1. Becauſe the parameter is à third pro- 


portional to the diameter and its conjugate, the 
rectangle under the abſciſſæ is to the ſquare of the 


ſemi-ordinate as the diameter is to the parameter. 

Cor, 2. The two conjugate diameters being 
conſtant, the rectangle under the abſciſſæ will vary 
as the ſquare of the ordinate. 


Cox. 3. Thoſe ordinates which are at equal diſ- 
rances from the center are equal; and thoſe which 


are nearer to the center are greater in the ellipſe, 
and leſs in the hyperbola than thoſe which are more 
remote. 


Cor. 4. If the hyperbola be equilateral, the 


| rectangle under the abſciſſæ will be equal to the 
| fquare of the ſemi-ordinate, © 
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PROP. XIII. 


If an ordinate be drawn to any diameter of 
the Parabola; the ſquare of the ſemi-ordi- 
nate will be equal to the rectangle under 
the abſciſſa and the parameter. * 


1 T AN be any diameter of the parabola, to 
which PN 1s an ordinate, Draw the para- 
meter TSF, cutting the diameter in F; join SA, 
and let the diameter be produced till it meet the 
directrix in D. Becauſe 7 F 1s half of TY, Prop. 33. 
aud AF 1s half of DF, or half of TF, Prop. 26. 
AF is to TF as T is to Ty, and the rectangle un- 
der AF and Ty is equal to the ſquare of TF; but 
the rectangle under AF and Ty is to the rectangle 
under AN and TV as the ſquare of T is to the 
ſquare of PN, Cor. 1. Prop. 31. therefore the rect- 
angle under AN and 7 Vis 0 to the ſquare of 
PN. 

Cor. 1. Becauſe TY is Dae to twice T, or to 


four times SA, the rectangle under AN and four 


times SA is equal to the ſquare PN. 

Cor. 2. If the tangent at the vertex of any 
diameter meets another diameter produced, the 
ſquare of the tangent will be equal to the rectangle 
under that part of the diameter which is produced 
and the parameter which belongs to the firſt dia- 
meter: for NT is a parallelogram, and Al, 12 are ' 
equal to V, AN; Nene the ſquare of Al is 
equal to the rectangle under IN and TY, 

Cor. 3. The parameter being conſtant, the 


ſquare of the ordinate varies as the abſciſſa. 
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If AR be taken in the tangent at the vertex Fo. 47, 


of any diameter of a conic ſection equal to 
the parameter of that diameter, and a, line 
be drawn from R to the other vertex in the 


ellipſe and hyperbola, which line is parallel 


to the diameter in the parabola; and if the 
ordinate V meets the line RM in L; 


the rectangle under the abſciſſa AN and 


the line NL will be equal to the - di of 
the ſemi- ordinate PN. i 


of PN as AM is to AR, as NM to NL, or as the 
rectangle ANM to the rectangle AN, NL ; there- 


| fore the ſquare of PN 1s equal to the rectangle AN, | 
| NL. | 


Cor. If the diameter of an ellipſe or an hyper- 


| bola becomes infinite, and the abſciſſa AN be fi- 
| nite, RL will be parallel to AN; therefore NL will 


be equal to AR, and the ordinate PN will be 
equal to the ordinate of a parabola, of which AN 


is the diameter and AR the parameter of that dia- 


meter. Hence the ellipſe or hyperbola will have 
the ſame properties as the parabola at . fate diſ- 


Ha from the vertex. 


F the e conic ſection be a parabola, the propoſi - 
tion is manifeſt. If the ſection be an ellipſe or 
an hyperbola, the rectangle ANM is to the ſquare 
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I Two right lines being given, one of which i ls 15 
|| biſeed by the other; to deſcribe a para- line 
| bola, of which the right line biſected ſhall as 
(| be an ordinate, and the other line the dia: 8. 
f | meter, 1 
1 5 | nat 
Fi | FI. 49. ET AN, PA be the two given lines one of line 
{ ; | which is biſected in VN. Through A draw Th 
1 TAR parallel to V, and take AR a * pro- 177 
portional to AN and PN; produce NA to D, ſo tha 
[ | that AD may be a fourth part of AR. T hrough | tha 
| $ the point D draw DX perpendicular to DN. Let the 
the angle DAT be leſs than the angle DAR; C 
[f make the angle AS equal to the angle TAD, and tho 
1 take 4 equal to AD. Then if a parabola be de. twc 
z: ſcribed, of which S is the focus, and D the direc line 
1 i AN will be a diameter of that parabola, and axe 
|: PN an ordinate: for $A being equal to AD, A isa | oth 
4 point in the parabola, Cor. Prop. 17. and becauſe Fr 
( the angle SAT is equal to the angle AD, AI is eac 
? tangent to the parabola in the point 4, Cor. 1. e 
1 Prop. 25. therefore MP is parallel to the ordinate for 
| of the diameter which paſſes through A; and PN and 


being a mean proportional between AN and fou 

times AS, it muſt be equal to the ſemi-ordinate, 
Cor. 1. Prop. 42. 

Cor. 1. Hence, if the parameter of any diame. 

ter be given, and the angle which that diameter 

| makes with its ordinates, the parabola may be de- 

; ſcribed: for any abſciſſa being taken in the diame. 


ter, the ſemi-ordinate may be tound, by taking a 
mean 


. — . ]% ˙ r ney - 


P 


6 Dy 
mean proportional between the abſciſſa and the 
given parameter. | 


Con. 2. If in any figure PAN all the right lines 
P9, TV &c. which are inclined to the indefinite 


right line AN at a given angle, are biſected by the 
line AN, and the ſquares of PN, TF, &c. are 


as the ſegments AN, AF, &c. the curve PA 


which paſſes through the extremities of theſe lines 


is a parabola, of which the indefinite right line A 


is a diameter, and the lines P, TY, &c. are ordi 


WE nates: for deſcribe the parabola having one of theſe 
lines P for an ordinate, and AN an abſciſſa. 
Then, becauſe the ſquare of PN is to the ſquare of 


JF as AN is to AF, TF 1s alſo an ordinate of 


that parabola. In like manner it may be proved, 
W that all the lines PQ, TY, &c. are terminated by 
the parabola. 5 | 


Cor. 3. From this propofition we have a me- 


chod of finding two mean proportionals between 
== two given right lines. Let P, Abe the two given 
lines. Deſcribe two parabolas BAC, DAC, the 
axes of which AE, AF are perpendicular to each 
other, and of which P, & are the parameters. 
From the point C, in which the two curves interſect 

= cach other, draw CE, CF perpendicular to the 


axes, and they will be the proportionals required: 
for P is to CE, or AF, as AF is to AE, or CF, 
and AF is to CF as CF is to Q. e 


FiG. 50. 
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If a right line be drawn from the focus of a 
parabola perpendicular to any tangent; it 
will be a mean proportional between the 

_ diſtance of the point of contact from the 
focus, and the diſtance of the focus from 

| the vertex. | 3 ; 21.5. 


ET PT touch the parabola in any point P,. 
and let it meet the axis in T. Draw PE per- 
pendicular to the directrix; join SE cutting the 
ngent in the point 2, and join A7. Then 87 
f be perpendicular to PT: for, SP being equal 
to PE, and the angle SPY equal to the angle 
EP, the triangles SPY, EPI are equal; therefore 
SY is equal to EF, and the angle S7P is equal to 
the angle PE; therefore they are each of them a 
right angle. And SA being equal to AD, A is 
parallel to DE, and SAY is a right angle; therefore 
the triangles SAY, SZ T are ſimilar, and S7, or , 
is to SY as SY is to SA. e 3 
Con. 1. Becauſe the rectangle under SP, SA is 


equal to the ſquare of S2, and SA is conſtant in 


Cus. 


fore SR is equal to PE, or SP. 


the ſame parabola, the ſquares of the perpendicu- 


lars from the focus upon the tangents will be as 
the diſtances of the points of contact from the fe- 


Cox. 2. If PR be drawn from the point of con- 
tact perpendicular to the tangent, meeting the axis 


in R; SR will be equal to ST, or SP: for RP is pa- 


rallel to SE, and RPES is a parallelogram; there- 
Cos. 


DS | 
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rpendicular SZ. ; 
W Cor. 4. The ſubnormal RN is equal to half the 
tus rectum: for SR is equal to PE, or ND; and 


1 from each be taken the common part SV, VR 


1 41 ill be equal to SD, or to half the latus rectum. 


p R OP. XLVI. 


62 tangent to any point in the parabola 
meets a diameter, and an ordinate be drawn 
to that diameter from the point of contact; 
_ tc ſegment of the diameter between the 


= þ : - | 
SCF. : ? 
& 4 
' i abſciſſa. | 
; 1 5 . 
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ET TP, which touches the parabola in any 
3 point P, meet the diameter NA in 7; and 
as che ordinate PN. NA will be equal to AT. 

—_— Lough the vertex 4 draw the tangent AF 
eng PT in I; join AP, and draw the diameter 
cutting the line AP in F, and the ordinate PN 
6. Becauſe 1G is a diameter which paſſes 
ough the point of concourſe of the two tangents 
4H. it will biſect 4P in F, Cor. 2. Prop. 34. 
ca che triangles FIA, FGP being equiangular, 
will be equal to PG; but AT is equal to NG; 
erefore PG, GN are equal; and AI is half of NP; 


E- Uf of TN, or TA is equal to AN. | 
Cos. Hence we have another method of draw- 


1 Vertex and the tangent will be equal to the 


t TA is to TN as Al is to NP; therefore TA is 


Cor. 3. The normal PR is equal to twice the 


Fic. $2. 


: aa 2 tangent to the parabola from a given point 


bout. Let 7 be the given point; draw TAN 
aalel to the axis, cutting the parabola in 4: 


throu gh 


, 
through 4 draw the tangent AT; ke AN . 
to AT; and through N draw NP parallel to A], 


meeting the curve in P; and join 2. P, which wil 
be the e 8 


PROP. XLVII. 

If two right lines be drawn from the foci of 
an ellipſe or an hyperbola perpendicular to 
any tangent; they will meet the tangent in 
the circumference of à circle, which has 


the tranſverſe axis for a e bp 


. LI. PY touch the ellipſe or hyperbola in am 
point P. Join SP, PH; and draw SY, H 
perpendicular to the tangent: produce. SY till it 
meet HP in the point V; and join CY. Becauſe 

the angles SPY, are equal, Prop. 27. and 7, 


is common to the two triangles SPY, Y PW, PW MM 
equal to PS, and S equal to 2 therefore HY = 
is equal to the tranſverſe axis, Prop. 14. and he-. 


cauſe SC is equal to CH, and S equal to 2, CI ü 
is parallel to H; and SC is to CY as SH is to 


HY; but SC is half of SH; therefore CY is half di 
H . „ or AM. And if from the center C, at the 
diſtance CA, a circle be deſcribed, it will paß 
through the point 7. In the ſame manner it ma 
be proved that it will paſs through Z. 

Cor. If the diameter D CK be parallel to the 
tangent at P; it will cut off from SP, PH the ſeg: 
ments PE, PI, each of them equal to half the tranſ 
verſe.axis: for CEPZ and CTP are parallelograms; 
therefore PE, PI are equal to CZ, CY, each of 
which 1 is equal to CA. 


PROP, 


68 


al ES 
1 PR OP. XLVII. 

The rectangle under the perpendiculars, which 
are drawn from the foci of an ellipſe or an 
hyperbola to any tangent, is equal to the 

of ſquare of half the conjugate axis. 


10 T ſame conſtruction remaining as in the Fi. 53, 
. laſt propoſition, produce ZC till it meet 28 5+ 
produced in G; and let CB be the conjugate ſemi- 
as. Becauſe GS is parallel to HZ, the triangles 
CSG, CHZ are equiangular; and CS being equal to 
_ CH, $G is equal to HZ, and CG is equal to CZ, or 
7 WE C4; therefore the point G is in the circumference of 
1 = the circle; and the rectangle GSY is equal to the 
" rectangle 48. M, that is, the rectangle under HZ, SY 
uſ ES is equal to the ſquare of BC. 
Con. 1. The ſquare of SY is to the rectangle. . 
"HS 57, HZ, or the ſquare of BC, as S is to HZ, or, 
W 1 becauſe 'the triangles SPY, HPZ are ſimilar, as 
e HP; therefore the ſquare of SY is equal to 


: Cor. 2. Hence, the 1 of 1 BC being con- 
ſtant, the ſquare of the perpendicular ST will vary 
S * _ as HP Inverſely. 


Fre. 55. 
56, 
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PROP. XLIX. 


If a tangent to any point in an ellipſe or an 


| hyperbola meets a diameter, and from the 


point of contact an ordinate be drawn to 


that diameter; the ſemidiameter will be a 
mean proportional. between the ſegments of 
the diameter, which are intercepted between 

the center and the b e and between 

the center and the tangent. 


ET the right ind PT roach the ellipſe or by- 

perbola in any point P, and let it meet the 
diameter MA in T; and from the point P draw 
PNMTan ordinate to the diameter MA. CN is to 
CA as CA is to CT. Through the vertices A, M 
draw the tangents AI, ML, meeting the tangent 
PT in I and L; and take C 0 on the oppoſite ſide 
of the center equal to CN. Then, Cor. Prop. 40. 
P is to IA as LP is to LM; and alternately, E 
is to LP as IA is to LM; and becauſe the lines AI, 
NP, ML are parallel, AN is to NM as TA is to 


TM; and by diviſion, Fig. 55. and by compoſition, 


Fig. 56. ON is to AN as AM is to TA; and by 
taking the halves of the antecedents, CN is to AN 
as CA is to TA; and by compoſition, Fig. 55. and 
by diviſion; Fig. 56. CA is to CN as CT is to CA; 
and by inverſion, CN is to CA as CA is to CT. 
"Eos. 1. The ſcement of the diameter intercepted 
between the ordinate and the center, the two ab- 
ſciſſæ, and the ſegment between the ordinate and 
the tangent are proportionals. CN is to AN as 
NM 1s to TN: for CN is to CMas CM is to gi: 
an 
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and by a CN is to NM as CM is to 


TM; and alternately, CN is to CM as MM is to 
TM and by diviſion, CN 1 15 to AN as NM: is to 


TN. 


are proportionals: for TC is to AG as AC is to NC; 
and by diviſion, TA is to TC as AN is to AC; and 


alternately, 74A is to AN as TC is to AC; and by 


Con. 2. The ſegments 74, TV, 70 and 7 


compoſition, TN is to TA as TM is to 7 2 and by 


inverſion, TA 1s to TN as TC 1s to TM. 


Cor. 3. From this propoſition we have another 


method of drawing a tangent to an ellipſe or an 
hyperbola from a given point without. Let T be 


the given point; draw the diameter CT cutting the 


curve in A. Through the point A draw the tan- 


gent Al; take CN a third proportional to GT, CA; 


and draw NP parallel to Al, meeting the curve 
in P; and | Join TE, which will touch the curve in 


the point 1 


* R 0 5 L. | 
if a tangent to any point in the kyperala 


meets a conjugate diameter, and an ordi- 


nate be drawn from the point of contact 


to that diameter; the conjugate ſemidia- 
meter will be a mean proportional between 
the ſegments, which are intercepted be- 
tween the ordinate and the center, and be- 


. tween the center and the N 


LV the tangent PT, which meets the diame- 
ter AM in 7, be produced till it meet the 
e diameter Bb in t. Draw the ordinate 

I 2 Pn 


Fic. 56. 
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Pu parallel to AM. Becauſe CN is to CA as C4 
is to CT, by the preceding propoſition, the ſquare 
of CN is to the ſquare of CA4 as CN is to CT; and 
by diviſion, the difference of the ſquares of CN and 
CA is to the ſquare of CA as TN is to C, or, be- 
cauſe PN, Ct are parallel, as PN is to Ct, or as Cx 
to Ct; but the ſquare of Cz is to the ſquare of CB 
as the rectangle ANM is to the ſquare of CA, 
Prop. 41. or as the difference of the {quares of CN 


and CA is to the ſquare of CA; therefore the ſquare Wl 


of Cu is to the ſquare of CB as Cn is to Ct; and 


Fre. 5 Y 


therefore the three lines Cn, CB and Ct are ogg 
e that is, Gu to CB as CB to Ct. 


FOR, LI. 


If two tangents AI, ML be drawn 3 
the vertices of any diameter of an ellipſe or 

hyperbola, meeting any other tangent PT 
in J and L; the rectangle under the tan- 
gents AT, ML will be equal to the ſquare 

of the ſemidiameter CB to which they are 
parallel; and the rectangle under JP, PL, 

the ſegments of the tangent which they meet, 
will be equal to the ſquare of the ſemidia- 
meter CD parallel to this tangent. 


FT the tangent TP be parallel to AM in the el- 
lipſe, the propoſition is manifeſt; for each of the 


tangents AI, ML will be equal to the ſemidiameter 


CB. But if 77 be not parallel to the diameter 


AA; let it meet it in the point 7, and the diame- 


ter Bb in 7. From the P draw the ſemi- or- 
8 dinates 


6690 
dinates PN, Pu to the diameters AM; Bb. Then, 
Cor. 2. Prop. 40. TA is to TN as TC is to TM; 
and becauſe the lines AI, NP, Ct and ML are pa- 
rallel, AT is to NP, or Cn, as Ct is to ML; there- 
fore the rectangle under A, ML is equal to the 
rectangle under Cu, Ct, or to the ſquare of CB, 

Prop. 49, and 5o. Secondly, 
Alis to IP as CBis to CD, Cor. Prop. 40. 


= and ML is to PL as CB is to CD; therefore 


| the rectangle AI, ML is to the rectangle IP, PL as 
| the ſquare of CB is to the ſquare of CD; but the 


; 


; | rectangle AT, ML is equal to the ſquare of CB; 


= therefore the rectangle IP, PL is equal to the ſquare 
PROP. LI. 

If a tangent to any point in an ellipſe or an 

hyperbola meets two conjugate diameters; 


the rectangle under the ſegments of the 
tangent, between the point of contact and 


the diameters, is equal to the ſquare of the 
ſemidiameter which is parallel to the tan- 


"74 TE the tangent PT meet the two conjugate 

diameters AM, Bb in T and t. From the 
point P draw the ordinate PV to the diameter 
AM; and through the points 4, M draw the tan- 
gents AI, MI, meeting the tangent PT in Tand L; 
and draw the diameter DC parallel to P. Be- 
cauſe CN is to AN as NM is to TN, Cor. 1. 
Prop. 49. Pt is to PI as PL is to PT; therefore 


which. 


the rectangle TP? is equal to the rectangle PL, 


Fre. 586. 


AA; let it meet it in the point 7, and the diame- 
ter B in 7. From the point P draw the ſemi-or- 


418 
Pu parallel to AM. Becauſe CN is to CA as CA 
is to CT, by the preceding propoſition, the ſquare 


of CN is to the ſquare of CA as CN is to CT; and 
by diviſion, the difference of the {quares of CN and 


CA is to the ſquare of CA as TN is to CT, or, be- 


cauſe PN, Ct are parallel, as PN is to Ct, or as Cx 
to Ct; but the ſquare of Cn is to the ſquare of CB 
as the rectangle ANM is to the ſquare of (CA, 
Prop. 41. or as the difference of the ſquares of CN 


and CA is to the ſquare of CA; therefore the ſquare 


of Cn is to the ſquare of CB as Cn is to Ct; and 
therefore the three lines Cu, CB and Ct are propor- 
tionals, that is, C to CB as CB to Ct. 


PROF. EE 


If two tangents AT, ML be drawn through 
the vertices of any diameter of an ellipſe or 
hyperbola, meeting any other tangent PT 
in J and IL; the rectangle under the tan- 


gents AT, ML will be equal to the ſquare 


of the ſemidiameter CB to which they are 
parallel; and the rectangle under JP, PL, 
the ſegments of the tangent which they meet, 
will be equal to the ſquare of the ſemidia- 
meter CD parallel to this tangent. 


1 the tangent TP be parallel to AM in the el- 


lipſe, the propoſition is manifeſt; for each of the 
tangents AI, ML will be equal to the ſemidiameter 
CB. But if TP be not parallel to the diameter 
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dinates PN, Pu to the diameters AM, Bb. Then, 
Cor. 2. Prop. 49. TA is to TN as 70 is to TM; 
and becauſe the lines AI, NP, Ct and ML are pa- 
rallel, AT is to NP, or En, as Cr] is to ML ; there- 


fore the rectangle under AI, ML is equal to the - 


rectangle under Cu, Ct, or to the ſquare of CB, 
Prop. 49, and 50. Secondly, | 
AI is to IP as CB is to CD, Cor. Prop. 40. 
and ML is to PL as CB is to CD; therefore 
the rectangle 41, ML 1s to the rectangle IP: PL as 


the ſquare of CB is to the ſquare of CD; but the 
rectangle AI, ML is equal to the ſquare of CB; 
therefore the rectangle I, PL is equa] to the ſquare 


of CD. 


PR OP. III. 


If a tangent to any point in an ellipſe or an 


hyperbola meets two conjugate diameters; 
the rectangle under the ſegments of the 
tangent, between the point of contact and 
the diameters, is equal to the ſquare of the 
ſemidiameter which is parallel to the tan- 
gent. 


ET the tangent PT meet the two conjugate 
diameters AM, Bb in T and t. From the 
point P draw the ordinate PV to the diameter 
AM; and through the points A, M draw the tan- 
gents Al, ML, meeting the tangent PT in [and L; 
and draw the diameter DCx parallel to PT. Be- 


cauſe CN is to AN as NM is to TN, Cor. 1. 
Prop. 49. Pt is to PI as PL is to PT; therefore 


the rectangle TPt 1s equal to the rectangle /PL, 


Fic. 65. 
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which! is equal to the ſquare of CD, by the preced- 
ing propoſition. 

Cor. Hence, if a right line TP which touches 
an ellipſe or hyperbola meets two diameters AM, 
Bb in T and , and the rectangle TP? is equal to 
the ſquare of the ſemidiameter which is parallel to 
the tangent, AM, Bs are conjugate diameters, 


. EEE PRO. VII. 
Two right lines biſecting each other being 


given; to deſcribe an ellipſe or an hyper- 


bola, of which the two given lines ſhall be 
conjugate diameters. 


O 
other, they will be the axes; and the ellipſe or 


' the two given lines be at right angles to each 
hyperbola may be deſcribed by Prop. 15. 
the lines PG, DK, biſecting each other in any point 
C, be not at right angles to each other; 
the point Y draw PT parallel to DK. Take 
Pin the line CP, towards the center in the hy- 
perbola, and the contrary way in the ellipſe, a third 
proportional to CP, CD. Biſect CY in the point 
Jö and draw VR perpendicular to c9, meeting 
the line PT in R. From the center R, at the diſ- 
tance RQ, or RC, deſcribe a circle cutting the 
line PT in T and t. 
which draw PN, Pu perpendicular. In CT take 
C4 a mean proportional between CN and CT; and 


in Ct take CB a mean proportional between Cu 
Make CM equal to CA, and C equal to 


and Ct. 
CB. Then becaute the angle TC? is in a ſemicir— 
cle, it is a right angle; and the lines AM, B bite 


cach other; therefore deſcribe an ellipſe or an hy- 
perbola, 


But it 


through 


Draw the lines GT, Ct, to 


{eco1 
ord 
Para 
qua 
the; 


perb 


Mete 


the 1 
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perbola, of which AA, Bb are the axes; and PG, 
OK will be conjugate diameters of that ellipſe or 
hyperbola: tor PN is to CB as CB is to Ct; there- 


fore the ſquare of PN is to the ſquare of CB as PN 


is to Ct, that is, by ſimilar triangles, as NT to CT; 


but CN being to CA as CA to CT, CN is to CT as 


the ſquare of CN is to the ſquare of CA; and by 
diviſion, NT 1s to CT as the difference of the 1QUAres 
of CA and CN is to the ſquare of CA, or as the 
rectangle ANA to the ſquare of CA; therefore the 
ſquare "of PN is to the {quare of CB as the rectan- 
ole ANM 1s to the ſquare of CA; and con! eque ntly 
PN muſt be a ſemi- ordinate, and the point P 1s in 
the curve, to which TP is a tangent, Prop. 40. 
and becauſe KD 1s parallel to TP, and the rect- 
angle TP? is equal to the rectangle CP2, or to 
the ſquare of CD, KD is a conjugate diameter to 
PG, by the preceding propoſition. 

Cor. 1. Hence, if any two conjugate diameters 
of an ellipſe or an hyperbola be given, the axes may 
be found. 

Cor. 2. If the right line PN drawn through 
any point in the line AM between the points A 
and M, or in MA produced, making any given 
angle with AM, is biſected by it in N, and the 
ſquare of PN or W is to the re ctangle A NAT in 
any given ratio; the points P, will be in an el- 


lipſe in the firit caſe, and in an hyperbola in the 


ſecond, of which AM is a diameter, and P an 
e for biſect AM in C; through C draw BCG 
parallel to PO, and take CB, C“ ſuch, that the 
quare of CB, or C6, may be to the ſquare of CA in 
the given ratio; and deſcribe an ellipſe or an hy- 


perbola, of which AM, h may be conjugate dia- 


meters. Then becauſe P2 is parallel to Bb, and 
the ſquare of PV is to the Tectangle ANM as the 
{quare 

JUare 
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ſquare of CB to the ſquare of CA. PN is an ordi- 


nate to the diameter AM; and therefore the points 
P, Qate in the ellipſe or hyperbola, of which AM, 
Bb are conjugate diameters, 


PROP, LIV. 


If a right line PT touches an ellipſe or an 
| hyperbola in any point P, and PR be 
drawn through the point of contact per- 


pendicular to the tangent, meeting the two 


axes in R and v; the rectangle under the 
normals PR, Pr will be equal to the ſquare 


of the ſemidiameter CD, which is parallel 


to the tangent. 


ET the tangent meet the two axes in T and f. 
Then the triangles T PR, TC! are ſimilar; for 
they have each of them a right angle, and they 
have a common angle at 7, Fig. 55. and the angles 
at are vertical, Fig. 56. and the right angled tri- 
angles 7Cz,r Pt, which have a common angle at ?, are 
alſo ſimilar; and RP is to TP as Pt is to r; there- 
fore the rectangle under RP, rP is equal to the rect - 


angle TP?, which is equal to the ſquare of CD, 


FFP. 52, - 


NOF. 


FF. 


PROP. LV. 


If a right line be drawn from the center of an 
ellipſe or hyperbola perpendicular to any 
tangent; the rectangle under the perpendi- 
cular and the normal, which 1s terminated 


by cither of the axes, 1s equal to the ſquare 
of half the other axis. 


RAW CY Boat ar to the tangent; and 
the rectangle under C7 and Pr will be equal 


to the ſquare of CA; and the rectangle under CY 


and PR equal to the ſquare of CB. 

From the point P draw PN, Pu perpendicular 
to the axes; and becauſe the angle at 7 18 common 
to the two right angled triangles u, Pt, the tri- 
angle u is ſimilar to the triangle "Pt, which is fi- 
milar to TC, or to T7C; therefore CY is to CT as 
Pn, or CN, is to Pr; and the rectangle under CY, 
Pr is equal to the rectangle under CN and C T, 
which is equal to the ſquare of CA, Prop. 49. Se- 


_ condly, becauſe the angle PRN is equal to the an- 
gle Pu, which is equal to the angle P, the right 


angled triangles RPN, Ct are ſimilar; and C is 
to Ct as PN, or Cn, is to PR; therefore the rect- 
angle under CY, PR is equal to the rectangle under 
Ct and Cn, which is equal to the ſquare of CB. 
Prop. 49, and 50. 
Cor. 1. The normals are to each other inverſely 
as the ſquares of the axes by which they are termi- 
nated: for, the perpendicular CY being common to 
the two rectangles, Pr is to PR as the ſquare of CA 
to the ſquare of CB, 85 
OR, 


Fic. 56, 
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Cor. 2, The perpendicular CY varies inverſely 
as the normal, which 1s terminated by either of the 


axes; the rectangle under CY, PR and CY, Pr be- 
ing each of them equal to a given ſquare. 


PROP. LVI. 


If a right line be drawn from the center of 
an ellipſe or an hyperbola perpendicular to 
any tangent; the rectangle under the per- 
pendicular and the ſemidiameter which 1s 
parallel to the tangent is equal to the rect- 
angle under the ſemi-axes. 


1 HE ſame conſtruction remaining as in the 


preceding propoſitions, the ſquare of CY 1s to 
the rectangle under CY, PR as CY 1s to PR; and 
the rectangle under CY, Pr is to the rectangle un- 
der PR, Pr, as CY to PR; therefore the ſquare of CY 
is to the rectangle under CY, PR, or the ſquare of 
CB, as the rectangle under CY, Pr is to the rectangle 
under PR, Pr or as the ſquare of CA to the ſquare 
of CD; therefore CY 1s to CB as CA to CD; and 
the rectangle under CY, CD is equal to the rectan- 


gle under CA, CB. 


Co. 1. If a parallelogram be formed by drawing 


+ tangents through the vertices of any two conjugate 


diameters; it will be equal to the rectangle under 
the axes. T.et PG, DK be any two conjugate dia- 
meters; and draw the tangents through the vertices, 
which will be parallel to the conjugate diameters ; 
then the four parallelograms DP, PK, KG, GD 
will be equal to each other; therefore the parallelo- 


gram DP is a fourth part of the parallogram VF; 


and 


PF, by the preceding ee PE is to PF as 


„ 


and tlie parallelogram DP is equal to the rectangle 
under PV, CY, or CD, CY, which is equal to the 
rectangle under AC, CB, a fourth part of the re&- 
angle under the axes. 

Co. 2. Hence the parallelograms, which are 
formed by drawing tangents through the vertices 
of conjugate diameters, are equal. 

Cor. 3. If DP, PK, KG, GD be joined, the fi- 
gure DPKG will be a parallelogram, which is half 
of the parallelogram V,; therefore all the paralle- 
lograms, which are formed by joining the vertices of 


conjugate diameters, are equal. 


PRO P.. 


If two right lines be drawn from any point 
in an ellipſe or an hyperbola to the foci; 
they will contain a rectangle equal to the 
ſquare of the ſemidiameter parallel to the 
tangent drawn through that point. 


| © wag any point P in the ellipſe or hyperbola 


draw PS, PH to the foci, and let DK be the 


diameter which is parallel to the the tangent PZ 
Ihe rectangle under SP, PH will be equal to the 
ſquare of CD. Dyaw the lines S2, HZ from the 


two foci perpendicular to the tangent; and draw PF 


perpendicular to the tangent, meeting the diameter 


DK in F; and PF will be equal to the line which 
is drawn from the center perpendicular to the tan- 


FiG. 53, 
345 


nt. Then, becauſe the rectangle under AC, CB, 


or PE, CB, is equal to the rectangle under CD, 
CD 


Fic. 51, 
53, 
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FIG. 51. 
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H PZ, are ſimilar, 
SPistoSTas P to PF, or as CD toCB, and 


PHis to H as PE to PF, or as CO to CB; therefore 
the rectangle SP, PH 1s to the rectangle SY, HZ, 


or the ſquare of CB, as the ſquare of CD 1s to the 
ſquare of CB; therefore the rectangle under SP, 
PH 1s equal to the ſquare of CD, 


PROP. LVIIL 


If a right line RL be drawn from the point R, 
where the normal meets the axis of the para- 
bola or the tranſverſe axis of the ellipſe and 
hyperbola, perpendicular to the diſtance SP 
from the focus to the point of contact; it 


will cut off from SP the ſegment PL equal 


to half the latus rectum. 


IRS T, if the ſection be a parabola, draw PN 

perpendicular to the axis; and becauſe S is 
equal to SP, Cor. 2. Prop. 45. the angle SPR is 
equal to the angle SRP; and becauſe the angles 
PLR, PNR are right angles, and PR is common 
to the two triangles PLR, PNR, the triangles are 
equal, and PL 1s equal to RN, or to half the latus 
rectum, Cor. 4. Prop. 45. 

Secondly, if the ſection be an ellipſe or an hyper- 
bola, let PR meet the diameter which is parallel to 
the tangent in the point F. Then the triangles PRL, 
PE will be f milar; for the angles at Land F are 
right angles, the angle at P, Fig. 53. is common, 


and the angles at P, Fig. 54. are vertical; there- 


fore PE, or AC, is to PF as PR 1s to PL, and the 


rect- 


CD is to CB, and becauſe the triangles SPY, PEF, 


ft wy & mw 
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rectangle under AC, PL is equal to the rectangle 
under PF, PR, or to the ſquare of BC, Prop. 55. 
and AC is to BC as PC is to PL; therefore PL Js 
equal to half the latus rectum, Prop. 75 

Cor. Hence, if PL be taken in any of the conic 


ſections equal to half the latus recthum, and two. 


riglit lines be drawn from tlie Po! ints and L, one 


of which 1s perpendicular to the rangent at the 


point P, and the other perpenc acuar to PS, they 
will meet each other in the ax:s. 


PROP. LIx. PRO B. VIII. 


The diſtance of any point in a conic ſection 


from the focus, the latus re&tum, and the 
Poſition of the tangent at that point being 
Sven; to deſcribe the conic ſection, 


* the given diſtance be perpendicular to tlie 


tangent, it will be in the direction of the axis, 


and the conic ſection may be deſcribed by Cor. 1. 
Prop. 4. But if the diſtance be not perpendicular 


to the tangent, let SP be the given diſtance, and PY Fig. gr, 


the tangent at the point P. Take PL equal to 
half the latus rectum; from the points P and L 
draw the lines PR, LR perpendicular to PS and 
PY; and the point R where they meet each other 
is in the axis, by the Cor. to the laſt propoſition. 
Join SR, which produce indefinitely. Make the 
angle ZPH equal to the angle SPY; and SR will 
meet PH in the direction SR, in the oppoſite direc- 


tion, or it will be parallel to it: in the firſt caſe the 


conic ſection will be an ellipſe, in the ſecond an 
hyperbola, and in the third a parabola. If the ſec- 
tion be an ellipſe or an hyperbola, biſect SH in the 

| point 


$3» 
$4- 


Fig. 63.3 
54 
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e 

point C, and draw CE parallel to the tangent, meet- 
ing the line PS in E, and PE will be equal to half 
the tranſverſe axis; therefore take CA, CM each of 
them equal to PE; and AM wil be the tranſverſe 
axis. If the ſection be a parabola, take SA equal 
to a fourth part of the latus rectum, and the point 
A will be the yertex of the axis. The poſition of 
the axis, and the diſtance of the focus from the 
yertex being found, the conic ſection may be de- 
{cribed by Cor. 1. Prop. 4. or, the tranſverſe axis 
and the two foci being found in the ellipſe and hy- 
perbola, the conic ſection may be . by 
Prop. 15, and 16. 


PROP. LX. 


If two cllipſes or hyperbolas have a common 


FIG. 61, 
62. 


diameter, and an ordinate be drawn to each 
of the curves through the ſame point in 
the common diameter; the ordinates will 
be to each other as the conjugate diame- 
ters. 


1 AP, 4 2 be two ellipſes, or two hyperbolas, 
having a common diameter AM. Through 
any point N in that diameter draw NP, Ng ordi- 
nates to the two curves; and let CB, CD be the ſe- 
midiameters which are parallel to NP, N.: Then 
NP will be to Nas CB is to CD: for the ſquare 
of NP is to the ſquare of CB as the rectangle AV 
is to the ſquare of CA, or as the ſquare of NY 1s 

to the ſquare of CD; therefore NP is to CB as 
Nis to CD; and alternately, N P is to N * CB 


is 0 CD, or as 2CB to 2CD. 
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Cor. If a circle be deſcribed about any diame- Fic: 65, 


ter of an ellipſe, or an hyperbola, and through any 
point N in that diameter N R be drawn an ordinate 
to the circle in the firſt caſe, and a tangent to it in 
the ſecond; the ſquare of NR will be equal to the 
rectangle ANM; and if NP be an ordinate to the 
ellipſe or hyperbola drawn through the ſame point, 
the ſquare of NR will be to the ſquare of NP as 
the ſquare of AC is to the ſquare of BC, and NR 
will be to NP as AC 1s to BC. 


PROP; EXT: 
If two ellipſes or hyperbolas have a common 
diameter, and an ordinate be drawn to each 
of the curves through the ſame point in 
that diameter; the tangents at the extremi- 
ties of theſe ordinates will meet each other 
in the diameter. 


T ET AP, A2 be two ellipfes, or two hyperbolas, 
having a common diameter AM. Through 
any point N draw the ſemi-ordinates NP, N; 
and let CB, CD be the ſemidiameters parallel to 
theſe ordinates. Through the point P draw the tan- 
gent PT, meeting the diameter in 7, and join TQ, 
which will be a tangent to the other curve in the 
point 9 : beczule the tangent PT meets the diame- 
ter in 7, C is to CA as CA is to CT, Prop. 49. 
and therefore 7 touches the other curve, by the 
ſame propoſition. 


62. 


FI G. 61, 
62. 


Cor. 1. If a circle and an ellipſe have a com- Fe. 63. 


mon diameter, and a common abſciſſa; the tangents 
at the extremities of the ordinates will meet each 


other 
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dther in the diameter: for a circle may be conſider- 


ed as an ellipſe whoſe axes are equal. Or it may 
be deduced from a property of the circle. Let NR 
be an ordinate of the circle, and NP an ordinate of 
the ellipie drawn through the ſame point. Draw 
RT a tangent to the circle, meeting the diameter in 
7, and join TP and CR. Then becaule the trian- 


gles CRT, CNR are fimilar, CN is to CR as CR is 


to C, or CN is to CA as CA is to CT; therefore 
TP touches the ellipſe in the point P. 55 

Cor. 2. If the line PV drawn through any point 
N in the diameter of a circle, making any given an- 
gle with 4M, be biſected in N, and Y be to RN, 
the ordinate of the circle drawn through the ſame 
point, in any given ratio; the points P, 2 will be in 
an ellipſe, of which 4AM is a diameter and P an 
ordinate: for draw BC through the center parallel 
to P; take CB and Ch to CA in the given ratio; 
and deſcribe an ellipſe, of which AM, Bb are 
conjugate diameters. Then becauſe NP, or NQ, is 
to NR as CB to CA, and PY 1s parallel to BG, 
PN2 1s an ordinate of that ellipſe, and the points 
P, Q are in the curve. 


PROP. 


6379 


PROP. LXII. 


Let ABM be an ellipſe, of which AM is the p16. 6:. 


tranſverſe, and Bb the conjugate axis; from 
any point F in the conjugate axis let a 
right line FG, which is equal to the ſum 
or difference of the ſemiaxes CA, CB, be ſo 
laced as to meet the tranſverſe axis in G; 
and in FG, produced beyond G when FG 
is the difference of the ſemiaxes, let GP be 
taken equal to CB; the point P will be in 
the ellipſe. 


IROM the point P draw PN perdendicular to 
4 the axis AM; and through the center C draw 
C2 parallel to F, meeting NP produced in 9. 
Then C2 1s equal to FP, which is equal to CA 
by the conſtruction; therefore the point 2 1s in the 
circumference of a circle, of which C 1s the center 
and CA radius; and becauſe the triangles PNG, 
WC are ſimilar, PN is to 2N as PG is to C. 
or as CB to CA; therefore PN is the ſemi-ordinate, 
and P 1s in the ellipſe by the Cor. to the preceding 
propoſition. | 2 

Cor, Hence, it two right lines AM, Bb, of which 

ANT 1s the greater, biſect each other at right angles 
in the point. C, and a line FP be taken equal to 
CA, in which the part PG is taken equal to CB, 
and whilſt the line FP makes one revolution, the 
point F 1s always in the line Bb, and G in AM; 
the point P will deſcribe an ellipſe, of which A AM, 
5% are the axcs. 


L PROF. 


Fy Gs 63. 


b RO P. L XIII. 


If from the vertices of any two conjugate di- 
ameters of an ellipſe two ordinates be 


drawn to the axis; the ſquare of the ſeg- | 


ments of the axis, between the ordinates and 


the center, are together equal to the ſquare 


of the ſemi-axis; and the ſquares of the 
ſemi-ordinates are together equal to the 
ſquare of the conjugate ſemi-axis. 


EIT PG, DK be two conjugate diameters of 


the e llipſe; and from the vertices P, D draw 

the ſemi e Mb PN, DL to the axis AM: the 
tquares of CN, CL are together equal to the 
ſquare of CA; and the ſquares of PN, DL are 
equal to the ſquare of CB. From the Penker CG, at 
the diſtance CA, deſcribe a circle, and let the or- 
dinates NP, LD meet the circumference in R and 
EF; and join CR, CF. Through the poipts R, P 
draw the tangents RT, PT meeting the axis in 7; 
and becauſe CD is parallel to TP, the triangles 
CLD, TW are ſimilar, and 

TN is to VP as CL is to LD, and 

Mis to NR as LD is to LF; therefore 
TN is to VMR as C is to LF; and conſequently 


the triangles TNR, CLF are ſimilar, and the angle 


LCF 1s equal to NTR, which 1s equal to CRN; 
and CF being equal to CR, the triangles CLF, 


CNR are equal, and CL 1s equal to NR; therefore 


the ſum of the ſquares of CN, CL is equal to the 
iquare of CR, or CA. Secondly, the ſquare of RN 
is to the ſquare of PN, and the ſquare of FL to 

the 


a w Phot 
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che ſquare of DL as the ſquare of CA is to the 
ſquare of CB; therefore the ſum of the ſquares of 
RN, FL is to the ſum of the ſquares of PN, DL as 
the {quare of CA to the ſquare of CH; but the ſum 
of the ſquares of RN, FL, or of CL, FL is equal to 
the ſquare of CA; therefore the ſquares of PN, DL 


are together equal to the ſquare of CB. 


PR O P. LXIV. 


The ſum of the ſquares of any two conjugate 


diameters of an ellipſe is equal to the ſum 


of the ſquares of the axes: and the differ- 
ence of the ſquares of any two conjugate 
diameters of an hyperbola 1s equal to the 
difference of the ſquares of the axes. 

4 IRST, let ABM be an ellipſe, of which PG, 

the ſame conſtruction remaining, the ſquare of CP 

is equal to the ſum of the ſquares of CN, NP, and 

the ſquare of CD is equal to the ſum of the ſquares 


of CL, LD; therefore the ſquares of CP, CD are 
together equal to the ſquares of CN, CL and PN, 


DL, that 1s, to the ſquares of CA, CB; and the 


ſquares of PG, DX are together equal to the {quares 


of AM, Bb. 


Secondly, let PA be an hyperbola, of which 
PG, DK are any two conjugate diameters, PG be- 
ing the greater of the two; and let AM, B be the 
axes. Join PD cutting the aſymptote in /, and 
draw Pm, Du perpendicular to the aſymptote. Then, 
P] being equ:z al to Dl, Prop. 37. the angles at 1 and 


n being right argles, and the angles at / vertical, 
| LS | the 


Fic. 63. 


AK are any two conjugate diameters; then, 


Fic. 64. 


Fis. 63. 


( 


the triangles Pml, Dn / are equal, and Ju is equal to 
Im: and becauſe the ſquare of CD is leſs than the 
ſquares of Cl, D, or CI, IP, by twice the rectangle 
Cin, or Clm, and the ſquare of CP is greater than 
the ſquares of CI, IP, by twice the rectangle Cm, 
the difference of the ſquares of CP, CD will be 
equal to four times the rectangle C/m. But 1m is to 
P in a conſtant ratio of the coſine of the given an- 
gle ]? to radius; and the rectangle Clm is to 
the conſtant rectangle CP in the ſame ratio; 
therefore the difference of the ſquares of CP, CD is 
invariable, and conſequently equal to the difference 
of the {ſquares of CA, CB; and the difference of the 
iquares of PG, DK is equal to the culference of the 
{quares ot AM, BY. | 


PR O P. LXV. 


The tranſverſe axis is the greateſt of all the 


diameters of an ellipſe; and the axes of an 
hyperbola are the leaſt of all its diameters. 


JET PG be any diameter of the ellipſe ABN; 


through its vertex P draw N an ordinate 


to the tranſverſe axis AM, and let it meet the cir- 


cumference of the circle AEM in R. Becauſe AC 
is greater than BC; RN is greater than PN, and 


the ſquare of RN greater than the ſquare of PN; 


Fi c. 64. 


therefore the ſum of the ſquares of RN, CN, or the 
{quare of CR, is greater than the ſum of the ſquares 
of PN, CN, or the ſquare of GP; and CR, or CA, 
1s greater than CP; therefore AM is ereater than 
PG. Secondly, let PG be any diameter of the hy- 
perbola PA, and draw PN an ordinate to the 
axis MA, Then, CNP being a right angled trian- 


gl, | 


4 


ole, CP 1s greater than CN, which is greater 
than CA; therefore P is greater than A M. 
In the fame manner it may be proved that, if DX 
be any diameter of the conjugate hyperbola, CD 


will be greater than CB, and DK greater than 


Bb. 

Cor. Thoſe diameters of the hyperbola which 
are nearer to the axis are lets than thoſe which are 
more remote: for as PN decreaſes, CN decreaſes, 
Cor. 5. Prop. 6. and therefore CP decreaſes. 


PROP. LXVI. 


Thoſe diameters which are nearer to the tranſ- 

verſe axis of an ellipſe are greater than thoſe 
which are more remote; the conjugate 
axis is the leaſt of all the diameters; and 
any two diameters of the ellipſe or hyper- 
bola, which make equal angles with either 
of the axes, are equal. 


ET ABM be an ellipſe; deſcribe a circle 

having the axis AM for its diameter; and let 
the ordinates to the tranſverſe axis AM be produced 
to meet the circumference of the circle. Becauſe 
the ſquare of RN'is to the ſquare of PN in a con- 
ſtant ratio, the difference of the ſquares of RN, PN 
will be to the ſquare of RN in a conſtant ratio; and 
if the line RPN be ſuppoſed to move from A to C, 


Fic. 63. 


RN will increaſe till it becomes equal to EC, or 


CA, whilſt CN decreaſes; therefore the ſquare of 
PN, and the difference of the ſquares of RN, PN, 
which is equal to the difference of the ſquares of 


(R, CP, will increaſe from A to C; and, CR being 
conſtant, 


(0-1 


conſtant, the ſquare of CP will decreaſe; and there- 
fore CP will decreaſe, till it becomes equal to CB, 
when it will be the leaſt. 
Fig. 63. Secondly, let PCG be any diameter of the ellipſe 
04. or hyperbola; draw PN an ordinate to either of 
the axes, and join CS Then, NY being equal 
to NP, and CN common to the two right angled 
triangles CNQ, CNP, the triangles are equal ; 
theretore C2 1s equal to CP, and the angle CN 
15 equal to the angle PCN. 
Cor. Hence, if the ſemidiameters CP, CD be 
equal, and the angle PC be biſected by the line 
C4, the poſition of the axis will be determined. 


P R O P. LXVII. 


The two diamcters of an ellipſe, which biſect 
the right lines joining the vertices of the 
axes, are equal and conjugate diameters. 


8 13 AIM, Bb be the axes of an ellipſe; join 
KR AB, BM, and draw the diameters GP, KD, 
biſecting the lines AB, BM in the points N and J. 
Becauſe the lines BA, BM are biſected by the dia- 
meters GP, KD, they are ordinates to theſe diame- 
ters, Cor. 1. Prop. 33. and becauſe AM is biſected 
in C, and AB in N; CN is parallel to MB; there- 

fore GP, KD are conjugate diameters: and the an- 
ele ACB being a right angle, it will be in a ſemi- 
circle, of which AB 1s the diameter, and N the cen- 
ter; therefore NA will be equal to NC, and the 
angle NCA equal to the angle NAC, which is equal 
to the alternate angle ACK; and therefore the dia- 

meters P, KD are equal, by the preceding propo- 
tion. 
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PROP. LXVIII. PRO B. IX. 


To find the axes of a given conic ſection. 


IRST, let the ſection be an ellipſe or an hyper- Fi. 6's 


bola, and find any two diameters, by Cor. 4. 
Prop. 33. cutting each other 1n the point C: trom 
the „ C- At the diſtance CP, which 1s the great- 
er ſemidiameter in the hyperbola, and which is 
greater than the leſſer ſemidiameter in the ellipſe, 
but leſs than the greater, deſcribe a circle; which 
will cut the curve, or the oppoſite curves, in the 
points P and G; and becauſe the ellipſe and hyper- 
bola have each of them another diameter equal to 
PG, ir will alſo cut the curve, or oppoſite curves, 
in two other points Q and K. Join CQ, and draw 
C4 biſecting the angle CA, which will be one of 
the axes, Cor. Prop. 66. Join PQ, which will be 
biſected by the line CA in N; it is, therefore, an or- 
dinate to the axis; and if B C be drawn through 
C parallel to P, meeting the ellipſe in the points 
B,. 6, it will be the other axis; the length of which, 
in the hyperbola, may be determined in the follow- 
ing manner; from the center C, at the diſtance CA, 
deſcribe a circle; from the point N draw NR a tan- 
gent to the circle, and take CB, C6 each of them a 
fourth proportional to the lines RN, PN and 
CA; and Bb will be the conjugate axis, Cor. 
Prop. 60. 

Secondly, let the ſection be a parabola, of which 
find any diameter BC; and if it biſects its ordinates 
at right angles, it is the axis; if it does not biſect 


them at right angles, through anypoint C draw QCP 


perpendicular to BC, meeting the parabola in n_the 
points Q, P; biſect 9P in the point N, and draw 
| NA 


Fic. 68. 
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NA parallel to CB, which will be the axis: for V 
is a diameter which biſects ; therefore M is an 


ordinate to that diameter; and becauſe it is perpen- 


dicular to NA; NA is he axis. 
R FP. 
If two ellipſes or two hyperbolas have a com- 
mon axis, and an ordinate be draw! 
through the ſame point in the axis to each 


of the curves; the areas included between 
the common abſciſſa, the ordinates, and the 


two curves, alſo the whole areas of the el- 


lipſes will be to each other as the conjugate 
AXCs. 


ET AP, 4 12 two ellipſes, or two hyperbo- 
las; take any iy abſciſſa AN, which is not great- 


er than half the axis of the ellipſe, and draw the 


ordinates NP, N. The areas AMP, ANY are to 
each other as the conjugate axes. Let the abſciſſa 
AN be divided into any number of equal parts, 
AE, EF, FG, GN; through the points E, F, G 
draw the ordinates ERI, FSK, GTL, and complete 
the parallelograms, AR, AI, ES, EK, &c. allo from 
the points J, X, I draw Ii, Kk, I. parallel to AN. 
Then it is evident that the difference between the 
circumſcribed parallelograms AT, EK, FL, G9 and 
the inicribed 1 Ei, Fk, Gl is equal to 


the parallelogram G; and if parallelograms be in- 


{cribed, in the fame * in the other figure APN, 
the din ende between theſe and the circumſcribed 
parallelograms would be equal to the parallelogram 
GP; therefore the differences between each ſeries of 


parallelo- 


than 
lelog 
{ible. 
the P 
{pace 


enceèe 


and t 


betwe 
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parallelograms and the areas 4 N, 4Þ N will be lc 
than the parallelograms GY , GP; and becaule the 
parallelogram GP is to the parallelogram GY as NP 
is to NV, and each parallelogram in the figure APN 
is to the correſponding parallelogram in the figure 
A in the ſame ratio; the ſum of all the parallo- 
grams in the figure APN is to the ſum of all in the 
figure ANN as NP is to N; and the area APN 
will be to > the area AQN as the ſum of the paralle- 
1 in APN to the ſum in AN: for if not, let 
the parallelograms APN be to the parallelograms 
ANN as the area APN to ſome ſpace & greater or 
lefs than the area 4 AV. Firft, let the ſpace X be 
| greater; then if the baſes AE, EF, FG, GN be 
_ continually biſected, and the parall elograms com- 
pleted as above, the parallelograms GP, GQ, wil 
be diminiſhed in the ratio of two to one at each 
biſection, and the difference between each ſeries of 
parallelograms and the areas APN, AQN will bz 
diminiſhed more than half; there the difference 
between the circumſcribed parallelograms A N 
and the area AQN may be made Jets than an; given 
ſpace; let it be leſs thanthe difference between the area 
ANN and the ſpace A, and the circumlcribec . 
lelograms A will be leſs than the ſpace X; but the 
ſum of the parallelograms APN is to the ſum of 2 
parallelograms A2N as the area APN is to the ſpac 
X, and the fum of the Parallelograms APN 1s gr e 
than the area APN; therefore the ſum of the paral- 
lelograms AIM 1s greater than X; which is unpoſ- 
ſible. Secondly, let the paratlelozrams APN be to 
the parallelograms ANN as the area APN to ſome 
ſpace & leſs than the area 42 VV, and let the 8 8 
ence between the inſcribed parallc lograms AZ 
and the area A be made lets than the difference 
between the area AN and AX, then the parallelo- 


NT P4 ric 
NI Aral 


by 
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. 


VA parallel to CB, which will be the axis: for VI 


is a diameter which biſects ; therefore Q is an 

ordinate to that diameter; and becauſe it is perpen- 

dicular to NA; NA is the axis. | LOS 
PRO P. L. 

If two ellipſes or two hyperbolas have a com- 


mon axis, and an ordinate be drawn 


through the ſame. point in the axis to each 
of the curves; the areas included between 


the common abſciſſa, the ordinates, and the 


two curves, alſo the whole areas of the el- 
lipſes will be to each other as the conjugate 


ET AP, AN be two ellipſes, or two hyperbo- 
las; take any abſcifla AN, which is not great- 
er than half the axis of the ellipſe, and draw the 
ordinates NP, NB. The areas ANP, ANY are to 
each other as the conjugate axes. Let the abſciſſa 


AN be divided into any number of equal. parts, 


AE, EF, FG, GN; through the points E, F, G 


draw the ordinates ERI, FSK, GTI, and complete 


the parallelograms, AR, AI, ES, EK, &c. alſo from 


the points J, K, L draw Ii, Kk, LI parallel to AN: 


Then it is evident that the difference between the 
circumſcribed parallelograms AI, EK, FL, G9 and 


the inſcribed parallelograms Ei, Fk, Gl is equal to 
the parallelogram G; and if parallelograms be in- 


ſcribed, in the ſame manner, in the other figure APN, 


the difference between theſe and the circumſcribed 


parallelograms would be equal to the parallelogram 
EP; therefore the differences berween each ſeries of 


parallelo- 


in 
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parallelograms and the areas AQN, APN will be leſs 
than the parallelograms G, GP; and becauſe the 


parallelogram GP is to the parallelogram Gas NP 


is to NQ, and each parallelogram in the figure APN 


is to the correſponding parallelogram in the figure 


Ain the fame ratio; the ſum of all the parallo- 


ams in the figure APN is to the ſum of all in the 
N90 JN as NP is to MN; and the area APN. 
will be to the area 4 M as the ſum of the paralle- 
lograms in APN to the fum in AN: for if not, let 


the parallelograms APN be to the parallelograms ' 


AI as the area APN to ſome ſpace & greater or 
leſs than the area A. Firſt, let the ſpace & be 


greater; then if the baſes AE, EF, Fo, GN be 


continually biſected, and the parallelograms com- 


pleted as above, the parallelograms GP, G, wil 
be diminiſhed in the ratio of two to one at each 


biſection, and the difference between each ſeries of 


parallelograms and the areas APN, AQN will bz 
diminiſhed more than half; therefore the difference 


between the circumſcribed parallelograms AN 
and the area A may be made leſs than any given 


ſpace; let it be leſs thanthe difference between the area 
A9N and the ſpace X, and the circumſcribed paral- 
lelograms A will be leſs than the ſpace &; but the 
ſum of the parallelograms APN is to the ſum of the 
parallelograms A Mas the area APN is to the ſpace 
, and the ſum of the parallelograms AP is greater 
than the area APN; therefore the ſum of the paral- 
lelograms A2N 1s greater than X; which is impoſ- 


ſible. Secondly, let the parallelograms APN be to 


the parallelograms JN as the area APN to ſome 
ſpace & leſs than the area A2N, and let the differ- 
ence between the inſcribed parallelograms AAN 
and the area A be made leſs than the difference 
between the area AV and X; then the parallelo- 

| | * =. "grams 
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grams AI will be greater than X, but the in- 


ribed parallelograms APN are leſs than the area 
APN, therefore the parallelograms A are leſs 


than X; which is impoſſible. Therefore the area 


APN .s to the area A as the parallelograms 
APN tv the parallelograms A, or as NP is to 
N A, that is, as the conjugate axes Prop. 60. 
If the ſections be two ellipſes, and the abſciſſa MN 
be greater than half the axis, the area ACB 1s to 
the area ACD as CB to CD; and by diviſion, the 
area CNPB, is to the area CN9D as CB to CD; 


therefore by compoſition, the area MPN is to the 


area MV, and the area MBA to the area MD4 
as CB 1s to CD, and conſequently the whole areas 


Mh Ab, MDA4d are in the ſame ratio. 


Co. I. If a circle be deſcribed about the tranſ⸗ 
verſe axis of an ellipſe; the area of the circle will 
be to the area of the ellipſe, as the tranſverſe axis 1s 


to the conjugate axis. 


Fro. 50, 


22. 


Cor. 2. The area of an ellipſe is equal to that 
of a circle, whoſe diameter is a mean proportional 
between the two axes: for let ABM be an ellipſe, 
and let ADM be a circle having the tranſverſe 
axis for a diameter; let H/ be a mean proportional 
between AM, Bh, and deſcribe the circle having 
for a diameter. Then, becauſe AM, HV, Bb 
are continual proportionals, the ſquare of AM is to 
the ſquare of HY as AM is to Bb, that is, as the 


area of the circle ADMd to the area of the ellipſe 
A BMU; and the ſquare of AM is to the ſquare of 


HY as the circle ID Md to the circle H; there- 
fore the area of the circle XY is equal to the area 
of the ellipſe ABM. 

Cor. 3. The areas of any two ellipſes are to each 
other as the rectangles under their axes: for the 
arca of the ellipſe ABM is to the circle RE 

. c 


8 
8 
C 


(3) 


the rectangle under AM, Bb is to the {quare of HV, 
that is, in a ratio of equality; and alternately, the 
area of the ellipſe ABM% is to the rectangle under 
AM, Bb as the circle His to the ſquare of HV; 
but all circles are as the ſquares of their diameters; 


therefore the area of the ellipſe is to the rectangle 


under the axes in a given ratio. 


p R O P. ILXX. 


If two parabolas have a common axis, and an 


ordinate be drawn through the ſame point 
in the axis to each of the curves; the areas 
of the parabolas, included between the com- 
mon abſciſſa, tlie ordinates, and the two 
curves, are to each other in a ſubduplicate 
ratio of the latera recta. e 


1 AP, AA be two parabolas, having a coms Fus. 73. 


mon axis AN; through any point N'in the 


- 


axis draw the ordinates NP, V; and let L and 
M be the latera recta of the two parabolas AP, AQ, 


Then the ſquare of NP is to the ſquare of Ng as 


the rectangle under AN and L to the rectangle 
under AN and M, or as L is to M; therefore NY 
is to N9 in the ſubduplicate ratio of L to M; and 


the ordinates NP, N being to each other in a 


conſtant ratio, it may be proved, in the ſame man- 


ner as in the preceding propoſition, that the areas 
APN, ANN are to each other in the fame ratio, 


M 2 PROP. 


Fis. 74. 
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PR OP. LXXI. 


If any ordinate and abſeiſſa of a parabola be 


completed into a parallelogram; the area of 
the parabola, included between the ordinate 


and the curve, is to the parallelogram as 2 


to 3. 
ET AN be any diameter of the parabola,” and 
4 PY an ordinate to that diameter; through the 
point A draw BC parallel to P and through the 
points P, & draw PB, QC parallel to VA. The 
area of the parabola PA will be to the parallelo- 
gram PBC as 2 to 3. Join PA, AQ; and 


through the points P, 2. draw the tangents PT, QT, 


draw the diameters ED, GK, which will biſect the 


meeting the diameter in T: through the points E, G 


lines PA, A4 in D, X, Cor. 2. Prop. 34. and 
through the vertices draw the tangents RL, MV; 
join PF, FA, and AH, H, Then, NA be- 


ing equal to AT, and PQ equal to twice EG, the 


triangle PA will be double the triangle TEG; 
for the ſame reaſon the triangles PFA, AH will 
be double the triangles ERL, GM; therefore the 
inſcribed figure PFA H will be dquble the external 


figure TRLAMY, and the ſame proportion holds 
| whatever be the number of triangles inſcribed: but, 


by proceeding in this manner, the difference be- 


half of the area PA; and, for the fame reaſon, the 


tween the inſcribed figure PFA H9 and the area 


PAD, and the difference between the external fi- 
gure and the area TPAD will each of them become 


leſs than any given ſpace: for the triangle PAS being 
half of the parallelogram PBC, it is greater than 


tri- 


* 
triangles PFA, Al are each of them greater than 
half of the areas PFA, AH; and PE being equal 
to ET, the triangle PEA 1s equal to the triangle 
EAT, and the triangle TEG 1s half of the two tri- 
angles 7 PA, T2A, and therefore more than half of 
the external area 724 Q; and, for the fame reaſon, 
the triangles ERL, CM are more than half of 
the areas EPFA, GAH; therefore, by inſcribing 
triangles as above, the difference between each rec- 
tilinear figure and the parabolic area is diminiſhed 
more than half at each operation, and therefore 
may be made leſs than any given ſpace; and the 


parabolic area PA will be double the area 224 2: 


for if it were greater than double that area by any 
given ſpace S, a ſeries of triangles might be inſcrib- 
ed in the area PAD, which would differ from it 
by a ſpace leſs than 5, and this ſeries of triangles 
would be more than double the area TPA9D, and 
confequently more than double the correſponding 
figure inſcribed in the area TPAQ, which is im- 
impoſſible. If the area PA were leſs than 
double the area 724 2, this area would be 


greater than half the area PA by ſome ſpace 8; 


and therefore ſince a ſeries of triangles might be in- 
{cribed in the area 724, which would differ from 
it by a ſpace leſs than &, this ſeries would be greater 
than half of the area PA, and therefore greater 
than half of the ſeries of correſponding triangles in 
the area PA; which is impoſſible. Therefore it 
follows that the area PA is neither more nor leſs 
than double the area TPAY, and conſequently the 
area PAY 1s to the whole triangle PT as 2 to 3. 
But the triangle PT2 is equal to the parallelogram 
BC; therefore the area PAY 1s to the parallel- 
ogram PB Cas 2 to 3. ; 
Cor. Hence, the area PFAN being two thirds 
| | be 


(:94 ) 


of the parallelogram BY, the . area PBAF 
will be one third of the parallelogram, or two thirds 
of the triangle PAB; therefore the area Pd, be- 
tween the ordinate PA and the curve, is a third 
part of the 9 P BA, 


” R O p. LXXII. 


If the right lines PN, 2B be drawn from the 
vertices of any two ſemidiameters of an hy- 
perbola parallel to the aſymptote CA, meet. 
ing the other aſymptote CB in the points 
N, B; the hyperbolic ſector CP will be 


Fic. 75 


equal to the hyperbolic trapezium PNBg, 9 
ET the ſemidiameter C N meet the line Pin is 

D; and becauſe the triangles CPN, CB are P 
equal, Cor. 3. Prop. 36. if from theſe be taken the P 
common part CDV, the triangle CPD will be is 
equal to the trapezium ND B, and if to theſe C. 
be added the figure P, the hyperbolic ſectot na 
PCA will be equal to the hyperbolic trapezium gl 
FN 6. 
e | | is 
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he. 

mud if from the center of an hyperbola the ſeg- Pie. 16, 


ments CD, CE, CF of an aſymptote be 
taken in continued proportion, and the 
right lines DP, EA. F$ be drawn parallel 
to the other aſymptote, meeting the hyper- 
bola in the points P, A, Q the hyperbolic 
areas PDEA, AE FN will be equal. 


RE P, and let it meet the aſymptotes in RN 
and 7. Through the point A draw the tan- 
gent TAG, meeting the aſymptotes in I and G, and 
draw the ſemidiameters CP, CA, C2, Becauſe AE 
is parallel to IC, and GA is equal to AJ, Cor. r. 
Prop. 35. GE is equal to EC; and becauſe F,. 
PD, RC are parallel, and 2 is equal to PR, TF 
is equal to CD; therefore TF is to GE as CE is to 
CF, or as F to EA, Cor. 2. Prop. 36. and alter- 
nately, TF is to F9 as GE is to EA, and the an- 
gles at F and E being equal, the triangles TF9, 
SEA are ſimilar, and T2 is parallel to GA, or 2P 
is parallel to GA; it is, therefore, an ordinate to the 
diameter CA, which is biſected in N; and as the 
diameter biſects all lines which are parallel to PD, 
and are terminated by the hyperbola, it will biſe& 
the area Q; and if the areas PAN, NAD be ta- 
ken from the equal triangles PCN, NC, the hy- 
perbolic ſectors CPA, CAS will be equal; and there- 
fore, by the preceding propoſition, the areas PDEA, 
AEFY are equal. 
Cor. 1. If CL be taken a third a to 
CE, Gs and LM be drawn parallel to the aſymp- 
rote 


9 ) 


tote ct; it may be proved, in the ſame manner, 
that the areas AEF, MLM are equal. 
Cox. 2. Hence, if the ſegments of the aſymptote 

be taken in continued proportion, the areas, begin- 
ning from the firſt line DP, will ye in arithmetical 
proporon. 


DEFINITIONS. 


XXVII. A circle is aid to touch a conic ſecti- 
on in any point, when the circle and the conic ſec- 
tion have a common tangent in that point. 

XXIX. If a circle touches a conic ſection in any 
point, ſo that no other circle can be drawn between 
this circle and the conic ſection, it is faid to have 
the ſame curvature with the ſection in the point of 
contact, and it is called the e of Curvature. 


LEMMA II. 


Fx. 77. If two tangents PT, VT be drawn at the EX= 


tremities ; of any chord of a circle, and from 
any point Q in the circumference a chor 
' Ng be drawn parallel to one of the tan- 

gents TP, cutting the chord P in the 
point NM. and from the points Q, q the 
lines M, 4h be drawn parallel to the other 
. tangent TY, meeting the chord P in H 

and h; the ſquare of 2N will be equal to 
the rectangle under PN, VH; and the 
| ſquare of gN will be equal to the rectangle 
under PN, Vb. 


JOIN 


MIC. LXVIII. 
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FIG. L XVII. 


FIG. LXXI. 


b 


> 97 F 
ond 25 v AG 64? a; and becauls the „ 


el to TP, TY, the triangles 


W. Mare par: 


FS 2755 MH are ſimilar; therefore 9N i is equal to 
L 9H, the angle MN is equal to the angle 
VA, and the angle 2H equal to the angle 


, 


| AVP; and the. a P being equal to tlie al- 
ternate angle 
V in the alternate ſegment, the triangles 2PN, 


2 are ſimilar; therefore PN is to IN as H., 
r 2N, is to VH, and the rectangle under PN, 
| VH is equal to the ſquare of V. In the fame | 


manner it may be proved, that the triangles — 1 
95 are ſimilar; therefore PN is to gN as 


3 qN, is to + and the rectangle under PN, i7 is 
. 9 


equal to the ſquare of 2 N. 


en If the line 2 q, which is always parallel t 
Fp, be ſuppoſed to move from Y to P; the points 


H, N, l, and the points Q, 9 will continually 


* : approach to 7 in N 8 wy will al coli · 
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which is equal to the angle 


0 9 3 


p R O P. LXXIV. 


If a eircle touches a conic ſection in any Z whe 
point, and cuts off from the diameter which leſs 
paſſes through that point a ſegment greater WH 
than its parameter, a part of the circum- I 
ference on each {ide of the point of contact and 

will be wholly without the conic ſection; con 

and if it cuts off from the diameter a ſeg- _ 02x 
ment leſs than its parameter, a part of the | P 175 
circumference on each ſide. of the point of 2 

contact will be within the conic 2 e 

ſection. | RE 

5 2 

F16. 78. Caſe 1. Ez the conic fetiohibe's parabola; of POE 
which PF is any diameter; let PR be A 

a common tangent to the parabola and the circle | OY 

in the point P; take PR equal to the parame- HY 

| ter of that diameter, and through the point R draw Wee: 
| RL parallel to PV; let the chord g, which is pa- Brea 

rallel to RP, be produced to meet RL in L, and 1 

from the points 9, q draw 2H, 4% parallel to the 3 

tangent TY, Firſt, let the circle cut off a ſegment pR 

PY greater than the parameter, and take VB equal ft 

to PR, or NL. Then let the line Qg be ſuppoſed CI 

to move from / to P, and when the point ¶ comes Wet 

to B, VA will be equal to VB, or NL; and 5 5 

the rectangle under PN, VH, or the ſquare of N „ #1 a 

will be equal to the rectangle under PN, NL, 895 

which is equal to the ſquare of the ſemi-ordinate or 10 "3 


the parabola, Prop. 43. therefore N 2 will be equal to 


the ſemi-ordinate, and Qis a point in the mes be 
| | | ut Jet 


* * 1 


R hd A x ** 5. v 
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But when the point H.is-any where between B and 


P, VA vill be greater than NL; therefore N 2, 
and conſequently Nq will be greater than the ſemi- 


? 


— 


if PY be leſs than the parameter, take V equal to 


PR; from P draw PQ parallel to RL, meeting the 


chord 2 q in O; then OL will be equal to PR; and 
as. the point M approaches. to P, the point O will 


approach to V; and as 4. moves from 4 towards P, 
64 increaſes, and NO decreaſes; therefore þ4 will be 


_ . ordinate, and the arc of the, circle 2 Pq will be 
wholly. without. the: parabola. Secondly, let P be 
leſs than PR, and take Yb equal to PR. When: h 
comes to 5, V will be equal to NL; therefore Ng 
will be equal to the ſemi-ordinate, and q is a point in 
the parabola; but when. 4 is any where between þ 

and P, H will be leſs than NL; therefore Ng, and 
.conſequently VN will. be leſs than the ſemi-ordi- 
nate, and the are. g will, be wholly within the 

„/ PTY Mt NTT ee 
. iCaſe 2. Let the ſection be an ellipſe, of which 

.PG 18 any diameter, and take PR in the tangent at 

P equal to the parameter of that diameter; join 
RG, and let the chord 2 9 meet RG in the point 

IL. Firſt, let the chord / be greater than the 

parameter, and take I B equal to PR; then, NL be- 

Ing leſs than PR, VH will be equal to NL before H 

comes to B, when VN will be equal to the ſemi- 

ordinate, and 2 wall be a point in the ellipſe; when AH 
is any where between this point and P, VH will be 
greater than VNL; therefore N 2, and conſequently - 

 Nqwillbe greater than the ſemi-ordinate, and the arc 

9 Pq will be wholly without the ellipſe. . Secondly, 


FI. 79. 


equal to NO before 4 comes to P, and VJ will! 


be equal to LN; therefore Vg will be equal to the 
temi-ordinate ; from this point to P, 5% will 
be greater than NO, and Yb.lefs than NL; there- 


N 2 fore 


VVV 

fore Ng, and conſequently N will be leſs than the 
ſemi- ordinate, and the arc SY will be wholly 

r h E  ReTT  n ; 


ieee, Gaſt 4. Let the ſetion bean hyperbola, et 
© £9: BGI 


whi S any diameter, in the tangent at P take 
PR equal to the parameter; join RG, and produce 
the chord 99 till it meet GR in L; and NL will 
be greater than PR, Furſt, let the chord P be 
greater than the parumeter; take VB equal to PR, 
and from P draw PO parallel to RL. When the 
point H is between B and P, but nearer to B, BH 
will be leſs than VO; and as H approaches to P, 
BH increaſes, and NO decreaſes; therefore BH will 
be equal to VO before H comes to P, and /H 
will be equal to NL; therefore N will be equal to 
the ſemi-ordinate of the hyperbola; from this point 
to P, BA being greater than NO, VH will be 
greater than VL; therefore N, and conſequently 
Ng will be greater than the ſemi-qrdinate, and the 
arc 9Pq will be wholly without the hyperbola. 
Secondly, let P be leſs than the parameter, and 
take Yb equal to PR. When } comes to b, V 
. will be equal to PR; it will, therefore, be equal to 
NL before k comes to &, when Nq will be equal to 
the ſemi-ordinate- of the hyperbola; from this point 
to P, V will be leſs than NL; therefore Ng, and 
conſequently N will be leſs than the ſemi-ordinate, 
and the arc q will be wholly within the hyper- 
. n OT CUES 74, 
Cox. 1. If a circle touches a conic ſection, and 
cuts off from the diameter which paſſes through 
the point of contact a ſegment equal to its 5 8 | 
ter, no other circle can be drawn hetween this cir- 
cle and the conic ſection: for if a greater circle be 
deſcribed, it will cyt off from the diameter a ſeg- 


=— 


ment greater than its parameter, and a part of the 
Meat $49 14 5 r 3 >... | . „ * cir- 


n) 


. 3 
8 8 | | 
8 on each ſide of the Ty of contact | | | 
will be wholly without the conic ſection, it will alſoo e 
be without the former circle; and if a leſs circle | <a 
be deſcribed, it will cut off from the diameter a 1 
ſegment leſs than its parameter; it will, there. 1 
fore, be within the conic ſection on each ſide 1 13 
the point of contact, and it will fall within the for- 4, 
mer circle. | +, 
r The chord, which the.cindle' of curva- "0 
ture cuts off from the diameter of 'a parabola, is a od 
equal to four times the diſtance of the v mes of that | I 
N. na from the focus. — 
Con. 3. The chord, which the _ of cura | 
ture cuts off from a diithaer of an ellipſe. or an hy- | 
perbola, is a third bee to that diameter and 
its conjugate. | | 

Conz. 4. If two conic: ſections bete the fame 
parameter, and the ordinates of each make the 
{ame angle with the Ing — 190 have _ . 
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"PROP. IXXV. 


The Sick of curvature at the vertex of a Th 
. tranſverſe; axis of an dlipe or hyperbola, 


or at the vertex of the axis of a parabola, : 
falls wholly within the conic ſection: but 5 
the circle of curvature at the vertex of the . : 
. conjugate axis of an e lh an 5 
Without the ellipſe; Ws, Ca/ 
. 3455 

Fi. 18, FF E. fame confiuiion. remaining, the da PA 
7% 1 PF at the vertex of an axis will be perpendi- in t 
— the tangent; it will, therefore, be a diame- if 
ter of the circle; and 29 being perpendicular tio M, 
PF, it will be biſected in N, and A. 4 will coin- Ng 
cide-with.2N,qN; and the ſquares. of 2N,;qN will q is 
each of them be equal to che rectangle PV: and is 
if the ſection be a parabola or an byperbola, twe 
Fic. 28, YN will be leſs than VP, or PR, and conſe- leſs 
S8o . quently leſs than NL; therefore NS. will be leſs bet 
than the ſemi-ordinate, and the circle will fall whol- Ns 
jp within the ſection. If the ſection be an ellipfe, Circ 
Fi6. 79. PN is to NO as PG is to PR; therefore PN will the 
be greater or leſs than NO, and V leſs or greater int 
than NL, according as P 1s greater or lets 5 
than PR. At the vertex of the tranſverſe par 
axis PG is greater than PR; therefore VN is leſs tha 
than NL, and N9 1s leſs than the ſemi- ordinate; gre 
but at the vertex of the conjugate axis PG is leſs NI 
than PR; therefore YN is greater than NL, and ANC 
Nis greater than the ſemi-ordinate. Therefore tan 
in the former caſe the circle falls. wholly within, the 
in 


and in the latter, without the ellipſe. 
| PRO Pp. 


5 103 OF 


Ro P. LXNVI. 


The Get of curbatüre at the vertex f any 


diameter of a conic ſection, which is not 
an axis, cuts the ſection in that point; it 
alſo cuts it in another SENG which . be 
determined. 


Cat I. _ the ion * a parabola; : 2 he 
ſame conſtruction remaining, draw 

PM parallel to the tangent TY, meeting the circle 
-- the point M. Then, MP being parallel to 9, 
be any where in the arc PM, between P and 
37% Vn will be greater than YP, or NL; therefore 
Ng will be greater than the ſemi-ordinate. When 
q is at M. V will be equal to VP, or NL, and M 
is a point in the parabola.” If 7 be any where be- 


Fic, 78. 


tween M and V, V will be lets than NL, and Ng 
leſs than the ſemi-ordinate; and if Q be any where 
between P and /, VA will be leſs than NL, and 


N leſs than the ſemi-ordinate. Therefore the 
circle. cuts the parabola in the points P and M; 


the arc Pg M is without, and the arc PV is with-⸗ 


in the parabola. 


Cafe 2. If the ſection be an ellipſe; draw PI, Fre. 79. 


parallel to the tangent TY. Then it is evident, 
that, if q be any where in the arc PM, V will be 


greater than PR, and conſequently greater than 
NL; therefore Ny i is greater than the ſemi-ordinate, 


and the arc Pꝗq , is without the ellipſe. In the 
tangent TY take TE to Ty as the diameter PG to 
the parameter PR, and draw PE cutting the circle 
in DM; then the arc PM will be within the ellipſe, 
and the circle will cut the ellipſe in MM: for take 

any 


bed | Fi6. 80. Caſe 3. 


© a 


| a point 9 bativecn P and My join TI 1 | 


produce it till it meet 7 in and let ¶H & meet 
. the tangent 7 in 7. Becauſe IH is parallel to 


TV, IH is to TV as PI is to PT, or as F2 to TF; 
and alternately, IH is to 19.25 Ti #1 is to TF; but, | 


N being parallel to PI, 


PH is to PN as IH to I2, as 77 to 2 F. 4 © 
PN is to NO as GP to PR, as TE to TY; therefore 
PH is to NO as TE is to TE. Hence, "whilſt TF 
is leſs. than 7E, NO will be leſs than PH, and con- 


| ſequently NL greater than YH, and the ſemi-ordi- 


nate greater than VN. If © be at M. NO will be 
equal to PH, and NL equal to VH; therefore Mis 
a point in the ellipſe.” But if TF be greater than 


TE, NL will be leſs than YH, and the ſemi- ordi- 


nate leſs than NY; therefore the circle cuts the el- © 


_ Ipfein M. 


If F be on the other ſide of „, or 9 be any Ghar: 
between and ½, it may be ſhown in the ſame 
manner, that Y will be greater than NL, and con- 


Aequently Ng greater than the ſemi-ordinate, 
Therefore the circle cuts the ellipſe in che points P 


and M;.the arc PWM i Is without, and the arc. 


PMs within the ellipſe. 


tnan ML, NY, is leſs than the ſemi-ordinate. 
In YT produced take 7E to TY as PG is to 


PR; join EP, and produce it to meet the circle in 


M. Take any point g between P and M; join 7, 


and produce it to meet TE in F; and let the tan- 
gent TP meet 9% in I. Then, qh being parallel 
to VF, AMI is to TV as PT is to PT, as Ig to * 


and alternately, kT is to Ig as Vis to T but 
AP is to PN as V to Ig, as TY to 7 F, and 


| PN is to NO ES to PR, as s TE to 775 . 


If the ſection be An hyperbola, 7 H 
being leſs than VP, or PR, and conſequently leſs 


hP 1 


is leſ 
ſeque 
than 
equa 
fore 


ralle] 


. 
= 


S. 
A 
8 
5 
5 
x a 


( 105 ) 


is leſs than TE, NO will be leſs than Y, and con- 
ſequently NL les than V; ; therefore Ng is greater 
than the ſemi-ordinate. If q be at M, TF will be 
equal to TE, and V/ will be equal to NL ; 3 there- 
fore Mis a point in the hyperbola. Draw P pa- 
rallel to 27; then if q be any where between M and 
B, TX will be greater than 2E, and NL greater 


than Vi; therefore Nq is leſs than the ſemi-ordi- 
nate; bur when 4 comes to V, V is equal to VP, 


or PR, which is leſs than NL, and from # to V, 
Y h will be leſs than VP. Therefore the circle cuts 
the hyperbola in the points P and M,; the arc 


Pꝗ Mis without, and the arc F O 15 within the 


n 


p RO P. IXXVII. 


The chord of the circle of curvature, which 


is drawn from the point of contact through 

the focus of a parabola, 1s equal to that 
which is cut off from the diameter; and 
half the radius of the circle is a third pro- 
portional to the perpendicular drawn from 
the focus upon the tangent, and the diſ- 
tance of the point of contact from the 
focus. | 


ET PY be the chord which is cut off from 

the diameter; draw PS through the focus, 

meeting the circle in V; and draw the diameter 

PR; join VM, RV; biſect PR in O; and draw SY 

from the focus perpendicular to the tangent. Then, 
O 


the 


Ty is to NO as TE is to TF. Hoe: whilſt 7F 


Fi c. 81. 


Nr 


( 


the angle SPY being equal to the angle YP, 
Prop. 25. the angles in the alternate ſegments will 
be equal, that is, the angle equal to the an- 
gle PV, and P is equal to PV. Secondly, the 
triangles RPIW, SPY being ſimilar, RP is to PM, 


or 4SP, as SPis to SY; therefore half PO! is to S 


as SP 1s to S. 


Cor. 1. Hence the radius of curvature is equal 


Cor. 2. Becauſe the radius of curvature varies 


as the ſc quare of SP directly, and as SY inverſely, 
and SP varies as the ſquare of S2, Cor. 1. Prop. 45. 
the radius of curvature will vary as the cube of the 


perpendicular $7, or as the cube of the normal, 


Cor. 3. Prop. 45. 


PROP. LXXVIIL 


The radius of the circle of curvature at the 
vertex of any diameter of an ellipſe, or an 
hyperbola, 1s a third proportional to the 
perpendicular drawn from the center upon 
the tangent, and the conjugate ſemidiame- 
ter; and the chord which is drawn from 
the point of contact through the focus is a 
third proportional to the tranſverſe axis, and 
the conjugate diameter. 


ET PY be the chord which 1s cut off form 


the diameter; draw the diameter of the circle 
PR, and from the center O draw OT perpendicu- 
lar to PV, which will biſect PF in 7; draw the 


conju- 


2 
focus is equal to 


3% 


conjugate diameter D CK, cutting PR in F. and 


PF will be equal to the perpendicular drawn from 
the center C upon the tangent; draw the chord 
PI through the focus S, and let it meet the con- 


jugate diameter in E; and join RV. Becauſe the 
triangles PFC, P70 are ſimilar, 


F is to PC as PT 1s to PO, and 
PC is to C as CD is to PT; therefore 


PF is to CD as CD is to PO. 


Secondly, becauſe the triangles PEF, PRIV are 
ſimilar, 
PW isto PR as PF to PE, or as 2PFto 2PE, and 
PR is to 2CD as 2CD is to 2PF; therefore 
PI is to 2CD as 2CD is to 2PE, or 2AC, 


Cor. 1. Hence the radius of curvature is equal 


to FF 3 and the chord which 1s drawn through the 


5 4 
Cor. 2. Becauſe CD is to AG as CB to PF, 
Prop. 56. the ſquare of CD will vary inverſely as 
the ſquare of PF; therefore the radius of curvature 


will vary inverſely as the cube of PF, or directly as. 
the cube of the normal which is terminated by ei- 
ther of the axes, Cor. 2. Prop. 55: 


( : 108 ) 


PROP. LXXIX. 


Fro. Br, If the abt line PY 3 a conic ſeclion 


83 


FI. 81. 


Fic. 825 


in any point P, and PS be drawn from 
the point of contact to the focus, and SY 
from the focus perpendicular to the tan- 
gent; the radius of the circle of curvature 
at the point P will be to half the latus 
rectum in the triplicate ratio of SP to SY. 


1 let the conic ſection be a parabola; and 
becauſe a fourth part of the latus rectum is a 
third proportional to S, SZ, Prop. 45. and halt 
the radius of curvature is a third proportional to 
SP, SY, Prop. 77. if L be the latus rectum, _ 
25 Pisto half Lin the duplicate ratio of S to S2, and 
PO is to 2SP as FP is to SY, therefore | 
PO is to half L in the triplicate ratio of SP to ST, 
Secondly, if the conic ſection be an ellipſe or an 


3- hyperbola, the latus rectum is a third proportional 


to the tranſverſe and conjugate axes, and the chord 
of curvature, which is drawn through the focus, is 
a third proportional to the tranſverſe axis, and the 
conjugate diameter, Prop. 78. therefore 

half P is to AC as CD to 40, and 

AC is to half L as AC“ to CB; therefore 
7 Wis to half L as CD* to CB*, that is, Prop. 57. 
in the duplicate ratio of SP to S; and becauſe the 
triangles RP, SPY are fimilar, PO is to half PW 


as SP to SY; therefore PO is to half L in the tri- 


plicate ratio of SP to SY, 
Com. 
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Cos, Hence the radius of the circle of curva- 

zL,X $P? 
ITT 


ture in all the conic ſections is equal to 


DEF I1INTT IONS, 

XXX. If an indefinite right line paſſing through 
any fixed point 4, without the plane of the circle 
CB, be carried round the whole circumference of 
the circle, each of the ſurfaces generated by this 
motion is called a Conical Surface. 

XXXI. The ſolid contained by the conical ſur- 
face and the circle CGB is called a Cone. | 
XXXII. The point A is called the Vertex of 
the Cone. 

Il. The circle CGB, the Baſe of the 
Cone. | 
XXXIV. Ap right line drawn from the vertex 
to the circumference of the baſe, is called a Side of 


the Cone. 


XXXV. The right line AD paſſing through 
the vertex and the center of the bale, which is pro- 
duced indefinitely, is called the Axis. 


Fic. 84. 


XXXVI. A right Cone is that whoſe axis is 


perpendicular to the baſe. 
XXXVII. A ſcalene Cone is that whoſe axis 
18 inclined to the baſe. 


PRT. 


FIG. 84. 


( 
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If a cone be cut by a plane paſſing through 
its vertex, the ſection will be a triangle. 


ET ABGC be a cone, of which AD is the 


axis; and let GB be the common ſection of 


the baſe of the cone and the cutting plane; join 


Fic. 84. 


AB, AG. When the generating line comes to the 
two points B and G, it is evident that it will coin- 
cide with the right lines AB, AG; they are, there- 
fore, in the ſurface of the cone, and they are in the 
plane which paſſes through the points 4, B and G; 


therefore the triangle ABG is the common ſection 


of the cone, and the plane which paſſes through 
its vertex. | 


PROP. LXXXI. 


If a cone be cut by a plane paralle! to its 
baſe, the ſection will be a circle, the center 
of which 1s in the ax1s. | | 


ET HFXK be the ſection made by a plane pa- 

rallel to the baſe of the cone, and let ACB, 
ADG be two ſections of the cone, made by any 
two planes paſſing through the axis AD; let KH, 
EF be the common ſections of the plane ZFK and 
the triangles ACB, ADG. Then, becauſe the 
planes HFK, BGC are parallel, EH, EF will be 
parallel to DB, DG, and EH will be to D as 


AE is to AD, or as EF is to DG; and alternately, 


EH is to EF as DB to DG; but DB is equal to 
| : | DG; 


DG 
reaſo! 
cle, « 


rectan 2 


(ns yo 
DG; therefore EH is equal EF, and, for the fame 
reaſon, EF is equal to EK; therefore HFX is a cir- 
cle, of which E is the center. 
PROP. I. 
If a ſcalene cone ABDC be cut through the 


axis by a plane perpendicular to the baſe, 


) making the triangle ABC, and from any 


Fic. 86. 


point L in the "right line AC, LM be 


drawn in the plane of the triangle, fo that 
the angle ALM may be equal to the angle 
ABC, and the cone be cut by another plane 
paſſing through LM, perpendicular to the 


triangle ABC; the common ſection LPM 


of this plane and the cone will be a circle. 


AKE any point N in the right line LM; 
through N draw FNG parallel t to CB; and let 
F be a ſection parallel to the baſe, paſting 


through FG ; then the two planes FG, NH 


being perpendicular to the plane ABC, their com- 
mon ſection PV is perpendicular to #NG; there- 
fore PN is equal to N, and the ſquare of PN 
equal to the rectangle FN NG ; but, the angle ALM 
being equal to the angle ABC, or A GF and the 
angles at N being vertical, the triangles FLN, 
MM are ſimilar, and MN is to NG as NF to 
NL ; therefore the rectangle ML is equal to the 
rectangle FNG, or to the ſquare of PN: ber: 


fore the ſection LPM. Lis 2 circle, of which LM 


is a diameter. 
This ſection 1 is called a Subcontrary ſection. 


FN 


Fig. 86, 
85, 
87. 


the baſe in the points B and C; let a plane paſs 


E 


PROP. LXXXIII. 


If a cone be cut by a plane, which does not 
paſs through the vertex, and which is 
neither parallel to the baſe, nor to the plane 
of a ſubcontrary ſection; the common ſec- 
tion of the plane and the ſurface of the 
cone will be an ellipſe, a parabola, or an 


hyperbola, according as a plane paſſing 


through the vertex parallel to the cutting 


plane falls without the cone, touches it, or 


falls within the cone. 


1 ABDC be any cone; and let STF be the 
common ſection of a plane paſſing through 
its vertex and the plane of the baſe, which will fall 
without the baſe, will touch it, or it will fall with- 
in; let PMA be a ſection made by a plane parallel 
to 4; through the center O of the baſe draw OT 
perpendicular to SV, meeting the circumference of 


through the points A, B and C, meeting the plane 
Ain the line AT, the ſurſace of the cone in AB, 
AC, and the plane of the ſection PM in LM; 
then LM will be parallel to TA, the planes SAV, 
PMY being parallel; it will meet the fide AB in 


MN, and it will meet the other fide AC, Fig. 86. in 


Z, within the cone, it will be parallel to it in Fig. 


85. and it will meet it Fig. 87. produced beyond 


the vertex in K. Take any point M in the line 
EM; let FPO be a plane paſſing through N 
parallel to the baſe; and let TVG, PNY9 be the 
common ſections of this plane and the planes ABC, 


PM: 


and PNY an ordinate, Cor. 2. Prop. 44. 


„ 
PM!: then PV will be parallel to S/, and GF 
parallel to BT; and BT being perpendicular to SV, 


FNG is perpendicular to PV; therefore PN is 


equal to N, and the ſquare of PN is equal to 
the rectangle FVG. Firſt, if the line 8 be 


without the baſe, through the points M and L 


draw MH, LK parallel to CB; then, becauſe the tri- 
angles LN F, LMH are ſimilar, as alſo the triangles 


MNG, MLK, 


LN is to FN as LM is to HM, and 
NM is to NG as LM is to LK; therefore 


the rectangle LN M is to the rectangle FVG, or 


the ſquare of PN, as the ſquare of LM 1s to the 
rectangle under HM, LK; which ratio is the ſame, 
wherever the point N be taken; therefore the ſec- 
tion LPM is an ellipſe, of which LM is a diame- 
ter, and PV & an ordinate, Cor. 2. Prop. 53. 
Secondly, if the line STF touches the circumfe- 
rence of the baſe in C; let DLE be the common 
ſection of the baſe and the plane PM, which is 
parallel to PN, and perpendicular to BLG; and the 
rectangle BLC is equal to the ſquare of DL; there- 
fore the ſquare of PN is to the ſquare of DL as the 
rectangle FVG to the rectangle BLC, or, becauſe 
NG is equal to LC, as FN to BL; but, the trian- 
gles MNZ, MLB being ſimilar, FN is to BL as 
MN to ML; therefore the ſquare of PN is to the 


ſquare of DL as MN to ML; and the ſection 


DME is a parabola, of which ML is a diameter, 
Luaſtly, let the line STY fall within the baſe; 
through the vertex A draw AH parallel to GF; and 
becauſe the. triangles MNF, MHA are fimilar, as 


alſo the triangles KNG, K HA, 


MN is to NFas MH is to HA, and 
KN is to NG as KH tis to HA; therefore 
| , of =, the 


Fic. $6. 
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FIG. 87. 


( 


the rectangle MNK is to the rectangle FVG, or 
the ſquare of PN, as the rectangle under MH, KH 
is to the ſquare of HA, that is, in a conſtant ratio; 
therefore the ſection DME is an hyperbola, of 
which MK is a diameter, and PNY an ordinate, 
Cor. ». Prop. 30. | | 72 
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t 6. line 8. for Conjugale, read Conjugate 


7. line 8, for PROB. read PROB.L. wh 
9. line 10. for ſrom, read from. 
31. line 3 Ver ſemi-conjugate axis, read . ſemi» · 


41. r 5. fer parallel, read parallel to. 
41. line 17. for ſquare, read ſquare of. 
456. line 4. for equal, read equal to. | 
47. line 8. from the bottom diele to. | 
| $3: line 11. from the bottom, for DH, read YDk. | 
9. line 6, for parallograms, read parallelograms. 5 
93. catch word, for be, read of. 
104. line 10. from the bottom, for tnan, read than, 
111. line . for — read cas to. 


